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We define the rest-frame instant form of tetrad gravity restricted to 
Cliristodoulou-Klainermann spacctimcs. After a study of the Hamiltonian 
group of gauge transformations generated by the 14 first class constraints of 
the theory, we define and solve the multitemporal equations associated with 
the rotation and space difFeomorphism constraints, finding how the cotriads 
and their momenta depend on the corresponding gauge variables. This al- 
lows to find a quasi-Shanmugadhasan canonical transformation to the class 
of 3-orthogonal gauges and to find the Dirac observables for superspace in 
these gauges. The construction of the explicit form of the transformation and 
of the solution of the rotation and supermomentum constraints is reduced to 
solve a system of elliptic linear and quasi-linear partial differential equations. 
We then show that the supcrhamiltonian constraint becomes the Lichnerow- 
icz equation for the conformal factor of the 3-metric and that the last gauge 
variable is the momentum conjugated to the conformal factor. The gauge 
transformations generated by the superhamiltonian constraint perform the 
transitions among the allowed foliations of spacctimc, so that the theory is 
independent from its 3+1 splittings. In the special 3-orthogonal gauge defined 
by the vanishing of the conformal factor momentum we determine the final 
Dirac observables for the gravitational field even if we are not able to solve 
the Lichnerowicz equation. The final Hamiltonian is the weak ADM energy 
restricted to this completely fixed gauge. 
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Typeset using REVT^ 



I. INTRODUCTION 



In a previous paper a new parametrization of arbitrary cotetrads has been introduced 
to achieve a simphfication of the 14 first class constraints of tetrad gravity starting from the 
ADM action for metric gravity with the 4-metric expressed in terms of cotetrads. 

As said in Ref. this has been done in the special class of non-compact spacetimes 
M"^, which: 

i) are globally hyperbolic 4-manifolds f\ ^ R x H, so that a Hamiltonian formulation 
is possible; 

ii) are asymptotically flat at spatial infinity, so that Poincare charges may be defined ; 

iii) admit a spin structure, i.e. are parallelizable and have a trivial orthonormal frame 
bundle F{M^) = x 50(3,1) and coframe bundle L{M^) = x 50(3,1), so that 
tetrads and cotetrads are globally defined^; 

iv) have the Cauchy surfaces that are topologically trivial, geodesically complete Rie- 
mannian 3-manifolds (S^,^5f) and diffeomorphi(^ to , S,- ^ R^; 

v) have the non-compact Riemannian 3-manifolds (S,-, ^g) not admitting isometric^. 
This new formulation of tetrad gravity has been introduced with the aim to study the 

Hamiltonian group of gauge transformations and to perform the canonical reduction of the 
theory to a completely fixed gauge with the identification of the physical degrees of free- 
dom (Dirac observables [0-|^) of the gravitational field. This would conclude the research 
program aiming to express the four interactions only in terms of canonical cases of Dirac's 
observabled^. The program is based on the Shanmugadhasan canonical transformations [111 



^See the papers 1^-^, quoted as I, II, III in what follows, for a preliminary presentation of many 
results. 

is an abstract model of spacelike Cauchy surface. These spacetimes admit regular foliations 
with orientable, complete, non-intersecting spacelike 3-manifolds: the leaves of the foliation are 
the embeddings v : S — > S,- C M^, a ^ z^{T,a), where a = {o"''}, r=l,2,3, are local coordinates 
in a chart of the C°°-atlas of the abstract 3-manifold S and r : ^ R, ^ t{z'^), is a global 
timelike future-oriented function labelling the leaves (surfaces of simultaneity). In this way, one 
obtains 3-1-1 splittings of and the possibility of a Hamiltonian formulation. 

^The parallelizable spacelike hypersurfaces of simultaneity have trivial orthonormal frame 
bundle FTi^- = S,- x SO{2>) and coframe bundle LTit = S,- x 50(3), so that triads and cotriads are 
globally defined. 

^Therefore the 3-manifolds S,- admit global coordinate systems. 

^This requires that triads, cotriads and 3-spin connections belong to suited weighted Sobolev 
spaces to avoid Gribov ambiguities. 

^See Ref. for such a canonical reduction of the electromagnetic, weak and strong interactions 
in Minkowski spacetime. 
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if a system has first class constraints at tlie Hamiltonian level [], then, at least locally, one can 
find a canonical basis with as many new momenta as first class constraints (Abelianization 
of first class constraints), with their conjugate canonical variables as Abelianized gauge vari- 
ables and with the remaining pairs of canonical variables as pairs of canonically conjugate 
Dirac's observables Putting equal to zero the Abelianized gauge variables defines a local 
gauge of the model. If a system with constraints admits one (or more) global Shanmugad- 
hasan canonical transformations, one obtains one (or more) privileged global gauges in which 
the physical Dirac observables are globally defined and globally separated from the gauge 
degrees of freedom ^. These privileged gauges (when they exist) can be called generalized 
Coulomb or radiation gauges. Second class constraints [0, when present, are also taken 
into account by the Shanmugadhasan canonical transformation [Tl[ . 



In flat spacetime the problem of how to covariantize this kind of canonical reduction is 
solved by using Dirac reformulation (see the book in Ref. 0) of classical field theory on space- 
like hypersurfaces foliating Minkowski spacetime M^. In this way one gets parametrized 
Minkowski field theory with a covariant 3+1 splitting of flat spacetime and already in a form 
suited to the transition to general relativity in its ADM canonical formulation |^. The price is 
that one has to add as new conflguration variables the embeddings of the spacelike 

hypersurface S,- Q and then deflne the flelds on S,- so that they know the hypersurface S,- of 
r-simultaneity 0. Then one rewrites the Lagrangian of the given isolated system in the form 
required by the coupling to an external gravitational fleld, makes the previous 3+1 splitting 
of Minkowski spacetime and interpretes all the flelds of the system as the new flelds on S,- 
(they are Lorentz scalars, having only surface indices). Instead of considering the 4-metric 
as describing a gravitational fleld here one replaces the 4-metric with the the induced 



^So that its dynamics is restricted to a presymplectic submanifold of phase space. 

^Canonical basis of physical variables adapted to the chosen Abehanization; they give a trivial- 
ization of the BRST construction of observables. 

^For systems with a compact configuration space this is in general impossible. 

^^The foliation is defined by an embedding i?x S ^ M^, (r, a) ^ z^^\t, a) [(/i) are flat Minkowski 
indices] , with S an abstract 3-surface diffeomorphic to : this is the classical basis of Tomonaga- 
Schwinger quantum field theory. 
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See also Ref. [13| , where a theoretical study of this problem is done in curved spacetimes. 

^^The only ones carrying Lorentz indices; the scalar parameter r labels the leaves of the foliation 
and a are curvilinear coordinates on S^. 

^^For a Klein-Gordon field </>(x), this new field is (j){T,a) = 4>{z{T,a)): it contains the non-local 
information about the embedding. 

^^Therefore as an independent field as it is done in metric gravity, where one adds the Hilbert 
action to the action for the matter fields. 
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metric qabIz] = Vip.)(u)ZB considers the embedding coordinates z^^\r, a) as 

independent fields Q. From this Lagrangian, besides a Lorentz-scalar form of the constraints 
of the given system, we get four extra primary first class constraints Ti.f^{T, a) ~ implying 
the independence of the description from the choice of the foliation with spacelike hypersu- 
faces. Therefore the embedding variables z^^\T,a) are the gauge variables associated with 
this kind of general covariance. If we interpret the unit normal l^{T,a) at S,- as the unit 
4- velocity of a timelike observer at (r, a), the foliation with leaves identifies a congruence 
of timelike surface-forming accelerated observers. In special relativity, it is convenient to 
restrict ourselves to arbitrary spacelike hyperplanes z^^\T,a) = x^f^r) + h\.^\T)a^ , which 
are associated with a congruence of timelike inertial observers. Since the hyperplanes are 
described by only 10 variables Q, we remain only with ten first class constraints determining 
the 10 variables conjugate to the hyperplane in terms of the variables of the system. 

If we now consider only the set of configurations of the isolated system with timelike 
4-momenta, we can restrict the description to the so-called Wigner hyperplanes orthogonal 
to p^'^^ itself. To get this result, we must boost at rest all the variables with Lorentz indices 
by using the standard Wigner boost L^^\i,)(ps,Pg) for timelike Poincare orbits, and then add 
the gauge-fixings b'f^r) — L^^\{ps,Ps) ~ 0. Since these gauge-fixings depend on p[^\ the 
final canonical variables, apart p^^"* itself, are of 3 types: i) there is a non-covariant canonical 
external center-of-mass variable x[^\t) Q ii) all the 3-vector variables become Wigner spin 



^^A functional of z^'^); here we use the notation = {T,a^); (fi) is a flat Minkowski index; 
■^A^ = dz^^^ /da"^ are flat cotetrad fields on Minkowski spacetime with the zi-^^^s tangent to S,-. 

^^This is not possible in metric gravity, because in curved spacetimes, given the embeddings 
z^{T,a), S TiT, the z^ ^ dz^^/da^^s are not cotetrad fields. In tetrad gravity, given 
a resolution of the 4-metric in non-holonomic cotetrads (the configurational degrees of free- 
dom of tetrad gravity), ^^g^j^u = '^-E'/i"'* ^f?{o)(/3) and the S^-adapted 4-metric '^gABi'TjS) = 
z^(r, (?) ^(7^jy(z(r, (?)) z^(r, cj), the S,-adapted cotetrads replacing the z^-^'s of the flat case are 
^F^"^(r, cj) = z^(t, (?) ^ii'/j"^ (z(t, (?)): they depend simultaneously on the embedding and on the 
non-holonomic cotetrads and can be found only a posteriori. 

^'^An origin xi^^(r) and, on it, three orthogonal spacelike unit vectors br^^r) generating the fixed 
constant timelike unit normal l'^^^ = bi^^ = e^^\i,^{^p){^fj^b^^\T)b')^\T)b^^\T) to the hyperplane. 

^^They are a 4-momentum p^t"^ and the six independent degrees of freedom hidden in a spin tensor 

^^€p1 > 0; e = ±1 according to the chosen convention for the Lorentz signature of the metric 
r^WH = e(+ ). 

^'^It is only covariant under the little group of timelike Poincare orbits like the Newton- Wigner 
position operator. 
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1 3-vectors0; iii) all the other variables are Lorentz scalars. Only four 1st class constraints 
are left: one of them identifies the invariant mass of the isolated system, to be used as 
Hamiltonian, while the other three are the rest-frame conditions implying the vanishing of 
the internal (i.e. inside the Wigner hyperplane) total 3-momentum. 

We obtain in this way a new kind of instant form of the dynamics (see Ref. [1^), the 
Wigner- covariant 1-time rest-frame instant form [|15|,|10],|16| with a universal breaking of 
Lorentz covariance independent from the isolated system under investigation. It is the 
special relativistic generalization of the non-relativistic separation of the center of mass 
from the relative motions [H = ^ + Hrei] ■ 



As shown in Refs. ||r5| , p!7[| , the rest-frame instant form of dynamics automatically gives a 



physical ultraviolet cutoff in the spirit of Dirac and Yukawa for all the rotating configurations 
of an isolated system: it is the M0ller radius Q p = \/ —eW^ / eP'^ = |S'|/veP^0' namely 
the classical intrinsic radius of the worldtube, around the covariant non-canonical Fokker- 
Pryce ^-center of inertia Yj^\ inside which the non-covariance of the canonical 4-center of 
mass x'f^ is concentrated. At the quantum level p becomes the Compton wavelength of 



the isolated system multiplied its spin eigenvalue Js{s , p ^ p = J s{s -\- l)h / M 



s{s + 1)Am with M = VIP^ the invariant mass and Xm = h/M its Compton wavelength. 
Therefore, the criticism to classical relativistic physics, based on quantum pair production, 
concerns the testing of distances where, due to the Lorentz signature of spacetime, one has 
intrinsic classical covariance problems: it is impossible to localize the canonical 4-center of 
mass x\f^ of the system in a frame independent way. Let us remember |]15| that p is also a 
remnant in flat Minkowski spacetime of the energy conditions of general relativity: since the 
M0ller non-canonical, non-covariant 4^-center of energy R^^^ has its non-covariance localized 
inside the same worldtube with radius p (it was discovered in this way) [1^, it turns out 
that for an extended relativistic system with the material radius smaller than its intrinsic 
radius p one has: i) its peripheral rotation velocity can exceed the velocity of light; ii) its 
classical energy density cannot be positive definite everywhere in every frame. 

Now, the real relevant point is that this ultraviolet cutoff determined by p exists also 
in Einstein's general relativity (which is not power counting renormalizable) in the case of 
asymptotically flat spacetimes, taking into account the Poincare Casimirs of its asymptotic 
ADM Poincare charges at spatial infinity. 

Therefore in Ref. 0, after a review of ADM metric gravity, of spacetimes asymptoti- 
cally fiat at spatial infinity, of supertranslations and of ADM strong and weak asymptotic 
Poincare charges, the definition of the rest-frame instant form of metric gravity was given. 
This is possible only when the requirement of absence of supertranslations, needed for the 



^^Boosts in induce Wigner rotations on them. 

22^2 _ _^p2g2 jg ^YiQ Pauli-Lubanski Casimir when eP"^ > 0. 

^^When supertranslations are eliminated with suitable boundary conditions; let us remark that 
Einstein and Wheeler use closed universes because they don't want to introduce (non Machian) 
boundary conditions, but in this way they loose Poincare charges and the possibility to make 
contact with particle physics and to define spin. 



6 



existence of a well defined and unique asymptotic Poincare group 'P(oo), is imposed. In this 
way the allowed foliations of the spacetime have the leaves S,- approaching Minkowski 
hyperplanes at spatial infinity in an angle-independent way, the allowed atlas of coordinates 
of must be compatible with asymptotic Minkowski Cartesian coordinates and the allowed 
diffeomorphisms of in Diff are restricted to tend to Diffi x P(oo) at spatial 
infinity in an angle- independent way 0. The class of Christodoulou-Klainermann spacetimes 
is selected: in them the strong ADM 3-momentum vanishes identically so that the van- 



ishing of the weak ADM 3-momentum is equivalent to three first class constraints defining 
the rest frame of the universe. Therefore, the rest-frame instant form of metric gravity may 
be consistently defined. The Wigner hyperplanes of Minkowski spacetime are replaced by 
the so-called Wigner- Sen- Witten hyper surf aces, which asymptotically tend in a direction- 
independent way to Minkowski hyperplanes orthogonal to the weak ADM 4-momentum. In 
presence of matter the Wigner- Sen- Witten hypersurfaces tend to the Wigner hyperplanes 
for the same matter in Minkowski spacetime when the Newton constant vanishes: in this 
way we get the deparametrization of general relativity. 

It will be shown in this paper that in a similar way we can define the rest-frame instant 
form of tetrad gravity restricted to Christodoulou-Klainermann spacetimes. 

Then we can study the component connected with the identity of the Hamiltonian group 
of gauge transformations, whose generators are the 14 first class constraints of tetrad grav- 
ity given in Ref . , following the scheme developed for Yang- Mills theory ||T^ . Since seven 
constraints are already Abelianized, this study is concentrated on rotations, space diffeo- 
morphisms and gauge transformations generated by the superhamiltonian constraint. The 
main problem in general relativity is the lack of control on the group manifold of diffeo- 
morphisms groups. Also the interpretation of the gauge transformations generated by the 
superhamiltonian constraint is given following Ref. [^: they change the foliation, so that the 
theory is independent from the 3+1 splittings of spacetime like it happens in parametrized 
Minkowski theories. 

The next step is the study of the gauge transformations generated by the rotation and 



space diffeomorphism constraints. By solving the associated multitemporal equations |[10|J17 
we can find how the cotriads and their momenta depend upon the gauge angles and the gauge 
parameters of pseudo-diffeomorphisms {passive diffeomorphisms), which are the Abelianized 
gauge variables associated with these six constraints. This allows to Abelianize these six 
constraints and to find the quasi-Shanmugadhasan canonical transformation (it is a point 
canonical transformation) corresponding to the class of 3-orthogonal gauges: only the su- 
perhamiltonian constraint has not been Abelianized at this stage. We are able to find a 
canonical basis of Dirac observables with respect to these six constraints and to write a 
system of elliptic linear and quasi-linear partial differential equations, whose solution would 
give the expression of the cotriad momenta in terms of the gauge variables and of the Dirac 
observables in these gauges. To solve these equations is equivalent to the solution of the su- 
permomentum constraints of metric gravity, namely to find York's gravitomagnetic potential 
and how the extrinsic curvature of the 3-surfaces depends on it in the 3-orthogonal gauges. 
We write the equations for the determination of the shift functions in the 3-orthogonal 



24 



Difff are the diffeomorphisms which reduce to the identity at spatial infinity. 



7 



gauges. 

Then with a canonical transformation the previous canonical basis of Dirac observables 
(it is a canonical basis for superspace) is put in a form convenient for starting the search 
of the final gauge variable conjugate to the superhamiltonian constraint. As already said in 
Ref. 0, from the study of the Gauss law associated with the superhamiltonian constraint 
(the ADM strong and weak energies are the charges) it turns out that this gauge variable is 
the momentum conjugate to the conformal factor of the 3-metric. Therefore, the superhamil- 
tonian constraint is an equation for the conformal factor of the 3-metric, the Lichnerowicz 
equation. 

A special 3-orthogonal gauge, replacing the maximal slicing condition in our approach, is 
defined by putting equal to zero the momentum conjugate to the conformal factor of the 3- 
metric as a gauge fixing constraint. Even if we do not know the solution of the Lichnerowicz 
equation, in this gauge we can identify a canonical basis of the final Dirac observables, 
namely two pairs of conjugate variables describing the gravitational field in this special 
completely fixed 3-orthogonal gauge. This is the first time that the canonical reduction of 
gravity can be pushed till the end: the weak ADM energy restricted to this gauge is the 
Hamiltonian for the Dirac observables. Finally we write the equation for the lapse and shift 
functions associated with this special gauge. 

Then we study the Wigner-Sen-Witten hypersurfaces of the rest-frame instant form of 
tetrad gravity and we write the equations, whose solution would allow to find the embedding 
of these hypersurfaces into the spacetime. We also show the existence of preferred dynamical 
asymptotic inertial observers to be identified with the fixed stars. 

We refer to Ref 0] for the discussion of the interpretational problems with the observables 
in general relativity, for the problem of time and for the quantization in a completely fixed 
gauge, because the treatment of these topics is the same in metric and tetrad gravity. 

Finally some comments on inertial effets in Minkowski spacetime, like the ones in non- 
inertial frames in Newtonian gravity, as distinct from the gravitational field can be made by 
imposing the vanishing of the Dirac observables of the gravitational field: this defines the 
void spacetimes including Minkowski spacetime in Cartesian coordinates. 

In Section II, after a review of Hamitonian tetrad gravity and of the rest-frame instant 
form of metric gravity, we define the rest-frame instant form of tetrad gravity. 

In Section III we study the Hamiltonian group of gauge transformations of tetrad gravity, 
whose component connected to the identity is generated by its 14 first class constraints. 

In Section IV we define and solve the multitemporal equations associated with rotations 
and space diffeomorphism constraints, finding how the cotriads and their momenta depend 
on the corresponding gauge variables. 

In Section V we find the quasi-Shanmugadhasan canonical transformation adapted to 
3-orthogonal gauges. 

In Section VI, after a further canonical transformation, we rewrite the superhamiltonian 
constraint, restricted to 3-orthogonal gauges, as the Lichnerowicz equation for the conformal 
factor of the 3-metric and we define a special completely fixed 3-orthogonal gauge, whose 
final Dirac observables for the gravitational field are then identified. 

In Section VII we study the embedding of the Wigner-Sen-Witten hypersurfaces in the 
given spacetime. 

In Section VIII we define and study void spacetimes as those spacetimes in which there 
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is no gravitational field (meant as source of tidal effects), but only inertial effects like in 
non-inertial frames in Newton gravity. 

In the Conclusions we make some comments about completely fixed gauges and on the 
open problems and perspectives. 

In Appendix A there is the Hamiltonian tetrad gravity expression of relevant 3-tensor in 
the special 3-orthogonal gauge. 

In Appendix B there is the Hamiltonian tetrad gravity expression of the ADM Poincare 
charges in the special 3-orthogonal gauge. 
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II. THE REST-FRAME INSTANT FORM OF TETRAD GRAVITY. 



A. Review of the New Parametrization of Tetrad Gravity and of its Constraints. 



Refs. ||20|-p2| are used for the background in differential geometry. A spacetime is a time- 
oriented pseudo-Riemannian (or Lorentzian) 4-manifold {M'^,'^g) with signature e (H ) 

(e = ±1) and with a choice of time orientation 0. In Appendix A of Ref. |]l[we give a review 
of notions on 4-dimensional pseudo-Riemannian manifolds, tetrads on them and triads on 3- 
manifolds, which unifies many results, scattered in the literature, needed not only for a well 
posed formulation of tetrad gravity but also for the further study of its canonical reduction. 

As shown in Section II and in Appendix A of Ref. [0, in the family of S^-adapted frames 
and coframes on M"^, we can select special tetrads and cotetrads (^e)^^"'' ^^^o 

adapted to a given set of triads ^e^^-, and cotriads ^e^'^-' = ^e(^a)r on 



4 c^M 



4 TTiM 4^ 4 TTi;^ _ 4^ 

(S)-^(a) 9lJ.u (S)-^(/3) - V(a)(l3), 



47-1 _4 7TiM!,A >477i _ 



4 -■^ 1 ^ ~r 

(S)^(o) = (S)^(a) = 0, 

- r /V" ~ r 

4 — 4 p _ 3^r . 

(E)^(o) - (S)^(a) - ^(a)' 

4 p^"^ _ 4 , M ,4 _ , 

(S)-^A — (S)-^M "A^ ^ (Sj-f^A — 'A, 



4 riA 4„ 4 E^B 4 



(E)-^(a) 9AB{Y.)E{P)- V{a){l3)- (2.1) 

Here and are defined in Eqs.(A3) of Ref ^ ^ and 1^{t, a) is the unit normal to S,- at 
a. N and are the standard lapse and shift functions. 



°I.e. there exists a continuous, nowhere vanishing timelike vector field which is used to separate 
the non-spaceUke vectors at each point of in either future- or past-directed vectors. 

Instead of local coordinates for M^, we use local coordinates a"^ on R x T, ~ 
[x^ = z^^{a) with inverse a"^ = cr'^(x)], i.e. a T^T-adapted holonomic coordinate basis for vec- 
tor fields dA = -£x T{R x S) ^^(c^)^^ = ^^^d^ G TM^, and for differential one-forms 
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We have also shown the components of these tetrads and cotetrads in the holonomic 

x(o) 

basis ((2)-£'r = is the Schwinger time gauge condition [p3[]). 

We define our class of arbitrary cotretads ^Ej°'\z{a)) on starting from the special 
St-- and cotriad-adapted cotetrads "^j^-jE^^z^a)) by means of the formula 



= (z(a)) 

V'"' ^(5) 



4k;(o) 



6l^} - e- 



V 



3g(fe) 



(c) (a) 



(2.2) 



Here L^°'\i3){V {z{a))]V) are the components of the standard Wigner boost for time- 
like Poincare orbits (see Ref. |^), which in the tangent space at each point of 



connects the timelike 4-vectors V 



(a) 



o(/3) 



l^izia))f^^Ej^\zia)) = (1;0) and yW(;.(a)) 



LM(,)(\/(z(a)); V) V" ' =^P(z(a)) ^4°)(^(a)). 

Let ^£'|^^(z) and ^E^^{z) be arbitrary tetrads and cotetrads on M^. Let us define the 
point-dependent Minkowski 4-vector[] V^^'^z^a)) = l^^{z{a)) ^Ej^\z(a)) (assumed to be 
future-pointing), which satisfies V^^'^z^a)) ^r](^a){f3) V^'^^z^a)) = e. 



dx^ e T*M'^ ^ da^ = b'^{a)dx^' = ^^^dx^" £ T*{R x E). The induced 4-metric and inverse 4- 
metric become in the new basis ^g^i, = ^QABby = e {N^ grsN^ N^)d^Td,yT—e ^ grsN'^ {df^rd^a^ + 
duTd^a'') - e^grsd^a^'dya" = el^l^ - e^grsid^cr'' + W d^T){dua'' + N^di^r), ^gAB = {^grr = 
e(7V2 _ ■ig^^N^N'^).^grr = -e^grsN';^grs = -e Vs} = elUls - ^grs{5\ + N'-5\){5% + ^'^b)], 
= b^/g^^b^B = ^drzi'drz" - '-^{drzf'drz" + drz" ^rz^') - e(^g'-' - ^^)drz^'dsz'' = elm"- 

^g^^drz>^dsz% = {V" = i^; = -1^; = -ef - ^)} = ^H'' - ^g'^^^sf]. 

For the unit normals we have = = N^g^'' = f (l;-iV'^) and Ia = l,,b'X = NOat = 

N5'^ = {N;0). We introduced the 3-metric of S,-: '^grs = —e'^grs with signature (+++). If 
^7^^* is the inverse of the spatial part of the 4-metric {'^^^^'^gus = ^l), the inverse of the 3- 
metric is ^g^'^ = —€^7^'' (^g^^^g-as = (^s)- ^5rs(''";f?) are the components of the first fundamen- 
tal form of the Riemann 3- manifold (St-,^^) and we have the following form for the line ele- 
ment in W^: ds^ = ^g^.^dx^'dx'' = e{N^ - '-^grsN'' N''){dTf - 2€^grsN'dTda'' - e'^grsda^'da' = 
e[N'^{dTf - ^grsida'' + WdT){da' + N'dr) . 

^^The point-dependent flat 

4- vector V^'^\z{(t)) = {V^°\z{a)) = + V^^)'^{z{a)yM^\z{a)f= if^''\a)) depends only on 
the three functions (p^'^\a). One has (p^'^\a) = —e(p(^j.^{a) since '^rf^s = —e5rs', having the Euclidean 
signature (-I-+-I-) for both e = ±1, we shall define the Kronecker delta as = 6^^l = 
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The ^(«)((7) = y(")(z((T)) = l^iz{a)) "^Ej^^zia)) are the three parameters of the Wigner 
boost. 

If we go to S,-adaptcd bases, ^E^^\z{a)) = '^E(^\z{a)) b'^{a) and f^^E^^\z{a)) = 
61(a), one has 



4^(1) 



V 

/4 



5(c)2 



X 



= (N; 0) 



x(6) 



(a) 

^£;(»)(^(a)) = (^('^)(a)Ar(a) + E[4^- 

(b) 



(6) 



1 + 



4^ _ 4 rp{a) 4^ 4 p(/3) _ 4 4^ 4 

gAB - E^ V{a){0) E^ - V{a){0) (j:)Eb 



9rs 



4^M 



4^M 



(?) 



4 rpA 



(c)2 



-(f 



V 



(b) 



(a) 



\ 



^^"> - f- 



(6) 



'El4z{a)) 



4 i-ir 



V5(a)(c7) 



''El4z{a)) = e 



N{a) ' 
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4„AB_4pA 4^(a)(/3)4pB _ 4 pA 4^ 4 pi 



1 N" \ 

-EL —(3nrs _ iV^/V^N • 



(2.3) 



We get that the cotetrad in the ST--adapted basis can be expressed in terms of N, A^*^") = 

3g(a)^s ^ ^^^^^ ^(a) g^j^^ 3g(a) [3^^^ ^ E(a) 'e(,), 3e(,),] 

From ;s)l!r\^(a)) = {L-'Y-\,)iViz{a)y,V) 'E^ iz{a)) and fs)%)(^(a)) = 

o 

*Eg^^ {L~^Y^\a)(y {z{a)); V) it turns out [|3 that the flat indices (a) of the adapted tetrads 
(E)-^(l) ^^"^ triads ^e^^-j and cotriads ^e^"^ on S,- transform as Wigner spin 1 indices 

under point- dependent S0(3) Wigner rotations R^^\b){V{zicr)); A{z(a))) associated with 
Lorentz transformations A*^°)(^)(z) in the tangent plane to in the same point Instead 
the index (o) of the adapted tetrads ('s)-^(l) is a local Lorentz scalar in each point. There- 

fore, the adapted tetrads in the S^-adapted basis should be denoted as "^-^^E^^^-^, with (o) and 
A = (r, r) Lorentz scalar indices and with (a) Wigner spin 1 indices; we shall go on with the 
indices (o), (a) without the overbar for the sake of simplicity. In this way the tangent planes 
to St- in are described in a Wigner covariant way, reminiscent of the flat rest-frame 



covariant instant form of dynamics introduced in Minkowski spacetime in Ref. |15 



Therefore, an arbitrary tetrad field, namely a (in general non-geodesic) congruence of 
observers' timelike worldlines with 4- velocity field M'^(r, a) = "^E^^i^r, a), can be obtained 
with a pointwise Wigner boost from the special surface-forming timelike congruence whose 

4- velocity field is the normal to S,-, Z (r, a) = e'^j.-^E^^-^{T, a) 0. 

We can invert Eqs.( |2.3| ) to get N, A^^ = ^e^'^^A^^"-', (p^""^ and ^e^^^ in terms of the tetrads 



N 



■- TPT 4 rpr 4 rpr 4 rpr 

^{o) ^(0) - Z.{c) ^(c) ^(c) 



e ^EJ 



28i?(")(^)(A(z(a)); V{z{a))) = [LiV; V{z{a))) A-\z{a)) L{A{z{a))V {zia)); F)] W(^) 
(o R('^\,){V{z{a)y,A{z{a))))- 

^^It is associated with the 3+1 splitting of with leaves S,-. 
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{b) 



4 rpr 4 rpr 



B(a)(b) = S(a)(b) , ^ ' ^ ' (2.4) 



If^e ^ = (iet (^e^'^-)), then from the orthonormality condition we get ^e(a)r = ^e(^e(j-) ^e|^) — 
^^(b) ^^(c)) Q ^^"^ allows to express the cotriads in terms of the tetrads '^E^y Therefore, 
given the tetrads ^E^^ (or equivalently the cotetrads "^E^^) on M^, an equivalent set of 
variables with the local Lorentz covariance replaced with local Wigner covariance are the 
lapse N, the shifts A^*^"^^ = N(^a) = ^e(a)riV'", the Wigner-boost parameters ip^""^ = —e^{a) and 
either the triads '^e^^-, or the cotriads ^e(^a)r- 

The independent variables in metric gravity have now the following expression in terms 
of N, iV('^) = iV(,) = ^el^Nr, <^(») = -ecp^a), 'ei^^ = \a)r □ 

"^Qrs = ""ef^ 5(am 'ei") = 3e(,), ''e^a)s. (2.5) 

so that the line element of M*^ becomes 

ds^ = e{N^ - N(^a)N(a)){dTf - 2eA^(a) ^e^aydrda"^ - eh^^y ^e^a)sda''da' = 

= e[N^{dTf - Cet^ayrda' + N^a)dT)Ce^a)sda' + N^a)dT)]. (2.6) 

The extrinsic curvature takes the form 

a)ui) ; 



2N 

I 



^K=j^'el){N^a)\r-dr\a)r), (2.7) 

The ADM action in the new variables is obtained from the metric gravity ADM action 
and has the form 



^°With (a), (b), (c) and r, s, t cyclic. 
3i7 = det(V.) = (=^e)2 = (det(e(„),))2. 

^^^(a)|r = ^(^la)^s\r = drN^^) " e(a)(b)(c) ^^r(b)N(c) with ^ujr(b) being the 3-spin connection, see 
Eq.(A22) of Ref. ||. 
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Sadmt ~ j ^'^ Ladmt — 



+ ^(^G'„^)(a)(b)(c)(d)"^e((,)(A^(„)|^ - Qr^(^{a)rY(^\d){^{c)\s " ^e(c) 5)}, 

where we introduced the flat inverse Wheeler-DeWitt supermetric 



(2.8) 



(^<^o^)(a)(fo)(c)(<i) - '^(a)(c)'^(6)(d) + ^ {a)(d)^ {h)(c) " 2(5(a)(6)(5(c)(d) , 



^(a)(c)5(fo)(d) + 5(a)(d)^(6)(c) " '5(a)(6)5(c)(d) , 



1 



1 



Goia)(b)(e)if) Ty ^G'o(i)(/)(c)(d) = ^[<^(a)(c)^(6)(d) + ^(a)(d)'^(6)(c)]- (2-9) 



The new action does not depend on the 3 boost variables <^*^"', contains lapse N and 
modified shifts Ni^^) as Lagrange multipliers, and is a functional independent from the second 
time derivatives of the fields. 

After the definition of the canonical momenta, whose Poisson brackets are 

{iV(r,a),7r^(T,a')} = 53(a,a'), 



{'e{T, a),%){T, a)} = =^e(r, a) %){t, a) S%a, a), 
we find ten primary constraints and four secondary ones 

7f^(T, a) ^ 0, 



(2.10) 



'%)(r,a) 



e(a)(6)(c) e(b)^(r,a) 7r('^)('r, a) = -e(«)(6)(c) M(b)(c)(r, a) fti 0, 

^M(a)(b)(r, a) = e(a)(b)(c) ^M(c)(r, a) = 



^e(a)r(T, 0=) ^ttI^){t, a) - ^e(6)r(T, ct) ^nL){T, a) fa 0, 



7i:(t, a) = e 



^"'^ 



2nG 



3^r 3, 



3;s.s 



^Go(a)(6)(c)(d) ^e(„)r "7r(ft) ■^e(c)s "tt^^^) 
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^ 3 3d ^^^3/^ 3 3~r 3 3~s 1 / -'\ n 



or 

= ['nf,^ dr \a)s - dsi\a)r '^(a))](T, 5) ^ 0. (2.11) 

We see that the first seven constraints are already Abelianized: our parametrization of 
the cotetrads is equivalent to a Shanmugadhasan canonical transformation Abelianizing the 
Lorentz boosts. 

It can be checked (see Ref. that the superhamiltonian constraint ?i(T, a) ^ coincides 
with the ADM metric superhamiltonian one T-C{t,(t) ^ 0, where also the ADM metric 
supermomentum constraints is expressed in terms of the tetrad gravity constraints. 

It is convenient to replace the constraints ?^(a)(r, a) with the 3 constraints 
^0r(T, a) ~ generating space pseudo-diffeomorphisms on the cotriads and their conju- 
gate momenta. 

We can get the following phase space expression of the extrinsic curvature, of the ADM 
canonical momentum ^n*"* and the following decomposition of the cotriad momentum 

^^^^ = ^G'o(a)(b){c)(d) ^e(a)r ^e^b)s ^e^c)u ^Vr"rf), 

3 £^3fr ^471^ 3 3 



3~r n 3 _ — ^ [3 _ 3~s i 3 _ 3~s l3„r n 3 _ — 

— AT 47rG' 3 3 3 3 3 /'O 1 9^ 



^^They are of the type of S0(3) Yang-Mills Gauss laws, because they are the covariant divergence 
of a vector density. 
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After ignoring a surface term (see next Subsection) we get the Dirac Hamiltonian (the 
A(r, ct)'s are arbitrary Dirac multiphers) 



H^r» = Hie) + J rfV[A^ vf^ + Af,) 7f(% + Af,) n^^^ + ^(,) 3%)](r, a) = 
= + J rfV[A^^^ + Ag)4 + Xl^nl) + ^M(a)](r, a), 

H, = J d?a[Nn - N^a)nia)]{r, a), 

H[,) = J d'a[Nn + N^a) 'el) 3e,](r, a), (2.13) 

where we replaced [/i(a) — N(^bj ^e^^ ^u!r{a)]{T, a) with the new Dirac multiphers fi{a){j, 

All the constraints are first class because the only non-identically vanishing Poisson 
brackets are 

{=^M(,)(r,a),3M(fe)(r,a')} = e(,)(fe)(,) =^M(,)(r, a)5%a,a), 
{^M(.)(r,cr),3e.(r,a')} = ^M(,)(r,a') ^'^'^^''^'^ 



f e,(r,a),3e,(r,a')} = [30,(r, a') A + 30^(^^ ^)_^]53(^^ 



3o /_ v,553(a,a') 



{7^(r,(T),^e,(r,a)}=7^(r,(T 



da' 



{n{T,a),niT,a)} = re[„)(r,a)7^(„)(r,a) + 

+ %) (r, cr ) 7^ (a) (r, a )] = 

= {[Ma)H) re. + '^sW=^Mw]](r,a) + 

+ Pe[„) ^e^.) pe. + ^..(,) ^M(,)]](r, a')} (2.14) 

The Hamiltonian gauge group has the 14 first class constraints as generators of in- 
finitesimal Hamiltonian gauge transformations connected with the identity. In particular 
^'^^(r, a) ~ and '^M(a)(r, a) ^ are the generators of the x 5*0(3) subgroup replacing 



the Lorentz subgroup with our parametrization, while ^Br.(r, a) ~ are the generators of 
the infinitesimal pseudo-diffeomorphisms in DiffEr- 

B. Review of the Rest-Frame Instant Form of Metric Gravity. 



In Ref. and in the book in Ref. [0] (see also Ref. |^), Dirac introduced asymptotic 



Minkowski Cartesian coordinates 



4'^)ir,a)=x\ijT)+b\i,,ir)a' (2.15) 
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in at spatial infinity Soo = Ut-S^oo S- ^ach value of r, the coordinates 
labels an arbitrary point, near spatial infinity chosen as origin. On it there is a flat 
tetrad 6g)^(r) = (/g^ = b[^2)r = ^^'^\«)(/.)(7)Ci(^)C2(^)^M3M; ^M.M )' with 
^(oo) T-independent, satisfying b^^i^^ a'^^M^i^) ^(oo)b ~ '^Vab for every r. There will be trans- 
formation coefficients b'X{T,a) from the adapted coordinates cr^ = (r, cr*") to the coordi- 
nates = z^(a^) in an atlas of M^, such that in a chart at spatial infinity one has 
z^'ir, a) S'^f,fl^){T, a) and 6^(r, a) ^ 5f^)&(^^)A(^) The atlas C of the allowed coordi- 
nate systems of is assumed to have this property. 

Dirac and, then, Regge and Teitelboim proposed that the asymptotic Minkowski 



Cartesian coordinates 2;|^-)(r, ct) = a^(^)(T) + &(^)r(T)cr'" should define 10 new independent 
degrees of freedom at the spatial boundary S^o (with ten associated conjugate momenta), as 
it happens for Minkowski parametrized theories [15|JI0|JT^J27|J2^ (see Appendix A of Ref. 
for a review), when the extra configurational variables z^f^^r, a) are reduced to 10 degrees of 
freedom by the restriction to spacelike hyperplanes, defined by z'^'^^t, a) ~ x^'^-'(r)+6^'^^(r)cr^. 

In Dirac's approach to metric gravity the 20 extra variables of the Dirac proposal can be 
chosen as the set: a;(^)(T), P(^), ^(^^)a(''") Q '^(oo)''^ with the non-vanishing Dirac brackets 
{b^l\ SlT} = W'^^^^b^I^ - 'r^^'^^^^b^f , {Si!:^^\ Sl^m = C'S^")^^)^;^)^ ), of Ref. MM 



implying the orthonormality constraints ''^(/i)(;^)^(!2)_B ~ '^Vab- Moreover, and 

'^{(x)'^^ ~ ^(c»)P{cx)) ~ ^(oo)P{oo) + '^'(oo)'^'' satisfy a Poincare algebra. In analogy with Minkowski 
parametrized theories restricted to spacelike hyperplanes, one introduces 10 extra first class 
constraints of the type 

_ p(M) ^ n oMM _ oMM ^ n O ^f]\ 

P{oo) ^ADM^^^ "^(oo) "^ADA/ ~ l^Z.iOJ 

with Padmi ^adm related to the ADM Poincare charges Padmi Jadm ^rid 10 extra Dirac 
multipliers A(^)(r), \^)(u){'t) ■, in front of them in the Dirac Hamiltonian. The origin x^^^{t) 
is going to play the role of an external decoupled observer with his parametrized clock. 

If we replace and S''(^^^\ whose Poisson algebra is the direct sum of an Abelian 
algebra of translations and of a Lorentz algebra, with the new variables (with indices adapted 

to St) 

„A _r^A Jp) jABde_f,A qMM\/i.A f^B t(m)Mi (9 17\ 

P(oo) - 0(oo)(^)P(oo)' -'(oo) - 0(oo)(^)0(oo)H'^(oo) ''(oo)(m)''{oo)(i.)-'(oo) J; {'^■^<) 

the Poisson brackets for &(^)a, S'^^^'^\ imply 



^^Here {<t^} are global coordinate charts of the atlas Cr of S,-, not matcliing tlie spatial coordinates 

sspoj. r ^ oo one has ^1^^ si''^\t,){u) and ^gAB = b'X^gf^ubs ^ = 

'^rjAB- 

^^With b^(^^y = T-independent and coinciding with the asymptotic normal to S,-, tangent to 
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{ptoc)7P{oo)} — 0) 

f A jBCl _4 AC B _4ABC 

r jAB jCDi _ _(sB^C 4 AD , rA 4 BC _ 4 AC _ rA 4 BDn tEF _ 

l-'(oo)5 -'(oo)/ — l^E'^F 5'(oo) + "^S^F 5'(oo) '^e'^F 9{oo) "e"F 5'(oo)J-'{oo) " 

r^ABCD jEF (n ^Q\ 

- -'-'EF -'(oo); [^■^^) 

Therefore, we get the algebra of a reahzation of the Poincare group (this explains the notation 
J(^)) with all the structure constants inverted in the sign (transition from a left to a right 
action). 

This implies that, after the transition to the asymptotic Dirac Cartesian coordinates the 
Poincare generators Padmi ^adm S^-adapted coordinates should become a momentum 
PaLi = b[^)APADM and only an ADM spin tensor S^fH] Q 

As shown in Ref. , the first problem with the ADM metric gravity Hamiltonian, whose 
canonical part contains the superhamiltonian and supermomentum secondary first class 
constraints, is that it must be finite and differentiable [^. Since in front of the secondary 
constraints there are the lapse and shift functions, they are the parameters of the gauge 
transformations generated by these constraints. To separate the improper gauge transfor- 



mations from the proper ones (like in Yang-Mills theory jT^)? we shall assume the existence 
of a global coordinate system {cr^} on S,- , in which we introduce the following decomposition 
of the lapse and shift functions isolating their asymptotic part from the bulk one 

N{T,a) = N^as)ir,a) + m{T,a), 
Nf{T, a) = A^(as)r(i", o") + mf{T, a), 

N^r, a) = -A(,)(r)/g) - l['2Mu)ir)b[%iT)a' = 

= -K{r) - l~Xr,{r)a\ 
A^M.(r,5) = -&S^).(r)A(,)(r) -6[^),(r)A(,)H(r)6g),(r)a^ = 

= -A,(r) - ^A,,(r)a^ (2.19) 

with m(r, a), rrif^T, a), given by Eqs.(3.8) of Ref. 00 and with the asymptotic parts N(^as), 



define an angular momentum tensor J^j^j^'f^i one should find an external center of mass of the 
gravitational field x'^^^j^f'g^^Ii] (see Ref. [3C.28] for the Klein-Gordon case) conjugate to p'adm-' 

so LliaL J ADM — ^ADM^ADM ^ADM^ADM ^ ^ADM' 



^^They were obtained in Ref. |31| to ensure the differentiability of the Dirac Hamiltonian of metric 



gravity. They satisfy the parity conditions but in general they still contain odd supertranslations 
(direction- dependent translations, which are an obstacle to the definition of angular momentum in 
general relativity as shown in the review part of Ref. |p ) . Let us remark that the restriction ( p. 191) 
on the lapse and shift functions of metric gravity is analogous to the one introduced for the gauge 
parameters of the gauge transformations generated by the Yang-Mills Gauss laws in gauge theories 
(see Eq.(3.1) of Ref. @). 
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N(as)f equal to the lapse and shift functions associated with Minkowski hyperplane^^ 

This very strong assumption implies that one is selecting asymptotically at spatial infin- 
ity only coordinate systems in which the lapse and shift functions have behaviours similar to 
those of Minkowski spacelike hyperplanes, so that the allowed foliations of the 3+1 splittings 
of the spacetime are restricted to have the leaves approaching these Minkowski hy- 
perplanes at spatial infinity. But this is coherent with Dirac's choice of asymptotic Cartesian 
coordinates (modulo 3-pseudo-diffeomorphisms not changing the nature of the coordinates, 
namely tending to the identity at spatial infinity like in Ref. ||3^). The request that the 
decomposition ( [2. 19] ) holds in all the allowed coordinate systems of is also needed to 
eliminate coordinate transformations not becoming the identity at spatial infinity, which are 
not associated with the gravitational fields of isolated systems ||3^ . 



By replacing the ADM configuration variables N{T,a) and Nf{T,a) with the new ones 
•^a(t) = {Ar(T); Ar(r)}, A^b(t) = — Aba(t), n{T, a), Uf^T, a) [^inside the ADM Lagrangian, 
one only gets the replacement of the primary first class constraints of ADM metric gravity 

^^(r,a)^0, 4(r,a)^0, (2.20) 

with the new first class constraints 

7f"(r, a) ^ 0, ^t(r, a) ^ 0, ^^(r) ^ 0, ^^^(r) = -^^^(r) ^ 0, (2.21) 

corresponding to the vanishing of the canonical momenta vr"^, vr"^^ conjugate to the new 
configuration variables Q The only change in the Dirac Hamiltonian of metric gravity 
H(^D)ADM = H^,)ADM + J rfViA^v^"^ + Af ^|] (r, a), H^,)adm = I d^a[Nn + NfU^r, a) is 

rfV[A^7f^ + Af4](r,a) ^ C^(r)7f^(r) + aB(r)^^^(r)+ j a[\n^'' + X;r^]{T , a) , 

(2.22) 
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In general, there is the problem that in the gauges where A(^)(j,)(t) are different from zero the 
foliations with leaves S,- associated to arbitrary 3-1-1 splittings of Minkowski spacetime are geomet- 
rically ill-defined at spatial infinity so that the variational principle describing the isolated system 
could make sense only for those 3+1 splittings having these part of the Dirac's multipliers vanishing. 
The problem is that, since on hyperplanes = and Z^^^ bf.(^^)(T) = imply (r) = 0, then 

the analogue of Eqs.( p.l9 ) implies XTf{T) = (i.e. only three A(^)(y)(r) independent) on spacelike 



hyperplane, because otherwise Lorentz boosts can create crossing of the leaves of the foliation. 
This points toward the necessity of making the reduction from arbitrary spacelike hypersurfaces 
either directly to the Wigner hyperplanes or to spacelike hypersurfaces approaching asymptotically 
Wigner hyperplanes. 

^'^We are using the notation n, Uf for m, m^, because after the elimination of supertranslation 
this the notation used in the rest of the paper. 
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We assume the Poisson brackets {\a{t),tt^ {t)] = 6^, {Xab{t),tt^^ (t)} = 6'^6§ - Sa^b- 
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with Ca(t), Ca_b(t) Dirac's multipliers. 

The presence of the terms A^(as)) -^(as)r in Eq. (p.l9 ) makes iJ/j not differentiable. In Refs, 
p6| , |3T[] , following Refs. [p5| , p6| , it is shown that the differentiability of the ADM canonical 
Hamiltonian requires the introduction of a surface term H^o^^ [H(c)adm H(^c)adm + -f^oo]- 
By putting = N(^as), Nf = N(^as)f into these surface integrals, the added term Hoo becomes 
the linear combination ^a{'t)Padm + ^^AB{'r)JADM of the strong ADM Poincare charges 
Pad Ml J ADM [HiiH first identified in the linearized theory p (they are the analogue of the 
strong Yang-Mills non-Abelian charges [p!^]): 



jrs 

'J ADM 



pr _ 
^ADM — 


ec' 




pf _ 
^ADM — 


-2/ 


JTf 

'J ADM — 







d hu^'j g g 



(j'^idn^gvs - 



dv gfis 



+ S',(:'gns 

h 3 



5f, 



5sv)\{T,a) 



^ADM 

c(m)(i^) 
"^ADM 



ADM ^ " 



AT 



+ [b 
= [b 



(00) (oo)r* 



{oo)fi'^)-^ADM 
(oo)"^(oo)r 



M ( \ pA 



ltlb[^L(r)]JYnM 



(oo)f V 

(m) , 
(oo)A> 



-)b 



T)b: 



(oo)s 



T 



h^"^ IT 



(oo)B^ 



J"(oo)s 

(m) 

(oo)B 



+ 



rs 

ADM 



AB 

ADM- 



(2.23) 



Here Jadm 
I.A liy) 



—Jadm by definition and the inverse asymptotic tetrads are defined by 
d')'^!. As shown in Ref. p6|,pT|, the parity conditions of 



xA i^A riy) 



Ref. [31] are necessary to have a well defined and finite 3-angular- momentum Jadm- More- 



over in Ref. |^ it is noted that, with the boundary conditions of Refs. [^, a regularization 
of the boosts is needed. 

In Ref. it is shown that the surface term i^oo arises from a suitable splitting of the 
superhamiltonian and supermomentum constraints of metric gravity. 

By using Eqs. (p.l9|) the modified canonical Hamiltonian becomes 



H(c)ADM = J d'a[Nn + N, 'W] (r, a) = 



{c)ADM 



{c)ADM 



(c)ADM 



^^As shown in Ref. |34| Hoo contains the surface integrals neglected going from the Hilbert action 
to the ADM action and then from the ADM action to the ADM canonical Hamiltonian with the 
Legendre transformation. 
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+ \,)ir)PiiM + A(,)H(r)5S) = 



H(D)ADM = ^{c)ADM ["^5 ^''] + 

+ / rfV[A„^" + Xf,nZ]iT, a) + CA(r)7f^(r) + CAB(r)7f-^^(r). (2.24) 



In the last expression we introduced the weak conserved improper Poincare charges Padm 



tAB 43 
•J ADM 



PIdm = -2/ d'a'rUr,ff)'fl'''ir,a), 
'^ADM = ^-Jadm = J d^ae{a^ 

'19 \ ^ hi! ^ su~ ^hs ^ vu) 5 ^ <-^ns™ J + 



_ /(/^) pr I M ( \ pf _ M / N pA 

^ADM — ''(ooyADM ^ {oo)f\' I ^ AD M — '^{oo)A\' I^ADMj 

>JADM — [*(oo)"(oo)rV J ~ *(oo)"{oo)r V JJ^ADA/ + 
~ \"{oo)A"{oo)B "{oo)A"{oo)BiV ADM^ 



Padm — Padm + j d^aHi^T, a) ^ Padm-> 



^^These volume expressions (the analogue of the weak Yang-Mills non Abelian charges) for the 
ADM 4-momentum are used in Ref. [37| in the study of the positiviteness of the energy; the weak 
charges are Noether charges. 
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PaDM — ^ADM + / ^) ~ PaDM^ 



Jadm — J ADM ~'~ 2 y ^'^^^^ T^i^^ ^) ~ Jadm^ 

JTdm = JTdm + / rfV[a^ 'fCir, a) - a' 'W{r, a)] ^ J%^. (2.25) 



In both Refs. p6| , |31| it is shown that the canonical Hamiltonian -f^(c)A_DAf[^' 
Eg. ( p. 241) with general N , N"^ = ^g'^^Ng like the ones of Eqs.( p.l9| ) (their asymptotic parts are 
the parameters of improper gauge transformations), has the same Poisson brackets as in the 
case of proper gauge transformations with N = m, = rrf (see the third and fourth line 
of Eqs.( p.l^ for the universal Dirac algebra of the superhamiltonian and supermomentum 
constraints) . 



This implies PT],|5|]: 



i) the Poisson brackets of two proper gauge transformations [A^a = Kab = 0, i=l,2] is a 
proper gauge transformation [Asa = Asab = 0] ; 

ii) if N2 = m2, N2f = rn2f [X2A = ^2AB = 0] correspond to a proper gauge transformation 
and Ni, Nif [mi = rriif = 0] to an improper one, then we get a j)roj)er gauge transformation 
[A3A = AsAB = 0, m3 7^ 0, m^f 7^ 0] and this may be interpreted as saying that the 10 
Poincare charges are gauge invariant and Noether constants of motion. 

iii) the Poisson bracket of two improper gauge transformations [rrii = rriif. = 0, i=l,2] is 
an improper gauge transformation [A3A 7^ 0, Asab 7^ 0, ma 7^ 0, m^f 7^ 0]. This implies 
that the 10 strong Poincare charges (and, therefore, also the weak ones) satisfy the Poincare 
algebra modulo the first class constraints, namely modulo the Hamiltonian group of gauge 
transformations 

{Pad Ml Padm} — 0' 

(pA jBC ACpB _i^ABpC 

X-^ADM^ ■-'ADMS ~ '/ ^ADM '/ ^ADMi 
r jAB jCD X ^ ^ABCD jEF 
X'^ADM^ 'J ADMS ~ '^EF . 



AD Ml 



{^ADM^ PaDm} ~ O5 



r pA jBC I ^ 4 AC pB _ A AB pC 
l-* ADM5 "^ADMS ~ '/ ^ADM '/ . 



ADM^ 

ABCD jEF 



f jAB jCn X ^ ^ABVU jEF /o r,(^\ 

t-^ADM) "^ADMI ~ '^EF "^ADMi (^Z.ZOJ 



in accord with Eqs. ( |2.18 



As shown in Ref. Q, the requirement of absence of supertranslations, implying the ex- 
istence of a well defined asymptotic Poincare group, may be satisfied by restricting all the 
fields to have a direction-independent Wmii at spatial infinity. Let us call n{T,a), nf{T,a) 
the lapse and shift functions m(r, a), mf{T, a) with such a behaviour. In a suitable class C 
of coordinate systems for asymptotic to Minkowski coordinates and with the general 



"^■^Then transformed to coordinates adapted to the 3+1 splitting of with an allowed foliation 
with spacelike leaves S^, whose allowed coordinates systems are in the previously defined atlas Cr- 
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coordinate transformations suitably restricted at spatial infinity so that it is not possible to 
go out this class (they are proper gauge transformations which do not introduce asymptotic 
angle-dependence), we must assume the following direction- independent boundary condi- 
tions for the ADM variables for r — >^ oo [e > 0] 

^gfs{r,a) = {1 + y)5fs + ^hsir, a), ^/^^.(r, a) ^™ 0(r-(^+^)), 

N{r,a) = N^as){r,a)+n{T,a), n(r, a) ^™ 0(r-(2+^)), 
Nf {T,a) = N(^as)f {T,a) + nf{T,a), nf{T,a) ->^^oo O (r , 

A^(as)r(T, ct) = -\f{T)-^Xfs{T)(T'', 



Nias)A{r, a) =^ (N^as) ; N^as)f )(r, a) = -Xa{t) - -XAs{r)a', (2.27) 



Ir 



in accord with Regge-Teitelboim and Beig-O'Murchadha ||3 1|| . 

This implies the vanishing of the ADM momentum, P^dm = 0, so that the elimination 
of supertranslations is connected with a definition of rest frame in the asymptotic Dirac co- 
ordinates 2;|^j(r, a). Therefore, the previous boundary conditions on ^g^ ^H, are compatible 



and can be replaced with the Christodoulou-Klainermann ones |jT9|, but in general with non 
vanishing shift functions. 

The vanishing of the strong ADM 3-momentum P^dm ~ ^^"^ Eq.( |2.25D imply 

^ADM — '^{oo)t^ADM — ''{ooyADM^ 

pM ^ /(m) pr (cy cyQ\ 



Therefore, the boundary conditions (|2.27|) require three first class constraints implying 



the vanishing of the weak ADM 3-momentum as a rest frame condition. 

Therefore, to have a formulation of metric gravity in which all the fields and the gauge 
transformations have an angle-independent limit at spatial infinity we have to add 6 gauge 
fixings on the &(^)^(t) [see later on Eqs.( |2.39| )] like we do in parametrized Minkowski theory 
for going from arbitrary spacelike hyperplanes to the Wigner ones (orthogonal to p^^^ ~ Pgyl^ 
where Pj^] is the 4-momentum of the isolated system under study): only on them we get 

the constraints Psys ~ giving the rest-frame conditions. 

Let us call Wigner- Sen- Witten (WSW) the so selected allowed spacelike hypersurfaces 
Y^{wsw) j^ggg Section XII of Ref. and Section VII for the justification of the name) asymp- 



totically orthogonal to the weak ADM 4-momentum. Since hj^^-^^ ~ — — ' ^^^^ ^ strong 



restriction on the coordinate systems = z^{t,(t) ^'fu)^lixi)i'^^^) which can be 
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reached from the E;^'^'^^)-adapted coordinates = (r, a) without introducing asymptotic 
angle dependence (namely supertranslations). 

With these assumptions one has the following form of the line element (it becomes 
Minkowskian in cartesian coordinates at spatial infinity) 

ds^ = e{[N(^as) + n]2 - [N(^,,), + nffg''[N(as)s + ns]){dTf - 

— 2t\N(as)f + rif^dTda'' — e^gfsda'^da'' 
= e{[N^as)+nf{dry - 

- ^g'^fgruda'' + {N(as)f + nf)dT] [^gsvda" + {N(^as)s + ns)dT]). (2.29) 

Since we have i(^)(T) = it follows that for \t{t) = e, A.r(r) = 0, the point 

^[oo)('^) moves with 4- velocity (e; 0) and has attached an accelerated rotating coordinate 
system which becomes inertial when Aab(t) = 0,namely when the foliations become 
geometrically well defined at spatial infinity. 

As a consequence of what has been said and of Eqs.( ^.27D , in the allowed coordinate 
atlases C of and Cr of S,- the function space W (an appropriate weighted Sobolev space 
as for Yang-Mills theory [|I7|) is needed for the field variables ^gfsi^, a), ^ir^{T, a), n{T, a), 
nfij, a) and for the parameters a(r, a), afij, a) (of which n(r, a), Ufij, a) are special cases) 
of allowed proper gauge transformations connected to the identity, should be defined by 
angle-independent boundary conditions for r ^ oo of the following form: 

^9fs{T, a) ^r^oo (1 + y)Sfs + "^hfsir, a) = (1 + y)Sfs + 0{r-'^^^), 

'fl''{T, a) ^r^oo 'k''{T, a) = 0(r-5/2), 
n(r,a)^,^ooO(r~(2+^)), e > 0, 
nf{T,a) -^r^ooO{r~^), e > 0, 
7f„(r, a) ^r~>ooO{r~^), 
7it{T, a) ^r^ocO{r-^), 
XniT,a) ^,^^0(r-(3+^)), 
A^(r,a) ^,^^0(r-^), 
air, a) 0(r-(^+^)), 
af{T, a) ^r^cxD 0(r~'), 

^n'iT,a)^r^ooOir~'). (2.30) 

With these boundary conditions we have du^gfs = 0(r~^) and not 0(r~*^^+'^^); this 
is compatible with the definition of gravitational radiation given by Christodoulou and 



Klainermann |T^ , but not with the one of Ref . ||3^ . 

In this function space W supertranslations are not allowed by definition and proper gauge 
transformations generated by the secondary constraints map W into itself. A coordinate- 
independent characterization of W (see Ref. for an attempt) should be given through 
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an intrinsic definition of a minimal atlas of coordinate charts Cr of S,- such that the lifts to 
3-tensors on S,- in W of the 3-diffeomorphisms in Diff maps them into them. 

Therefore, a unique asymptotic Poincare group, modulo gauge transformations, is se- 
lected. Moreover, in accord with Anderson also Diff is restricted to Diffj x 
P(oo). Now in Diff I x V^oo) the allowed proper diffeomorphisms Diffj M are a normal 
subgroup (they go to the identity in an angle- independent way at spatial infinity), while 
the Poincare group 'P(oo) describes the rigid improper gauge transformations (the non-rigid 
improper ones are assumed to be absent) as in Bergmann"s proposal [^]. Finally, following 
Marolf [52 1, the Poincare group P(oo) is not interpreted as a group of improper gauge trans- 



formations but only as a source of superselection rules (like it happens for the vanishing of 
the color charges for the confinement of quarks), which however are consistent only in the 
rest frame P^dai = 0- 

Since in Ref. [^] it was shown that the gauge transformations generated by the super- 
hamiltonian constraint produce a change in the extrinsic curvature of the spacelike hyper- 
surface Et- transforming it in a different spacelike hypersurface, one has the indication that, 
in absence of supertranslations, the functions A^, a, \n, should go like 0{r~^'^^'^^) and not 
like ©(r"*^) (in the case of proper gauge transformations). 

The previous discussion points toward assuming the following Dirac Hamiltonian 



^(c)ADM — I 



(N^as) + n)n + {N^as)f + rir) ""fC (t, a) + 



HId)adm = Hlc)ADM + / rfV[A„^" + Kr^]{r, a) + CA(r)7f^(r) + aB(r)^-^^(r). (2.31) 

However, the criticism of footnote 39 suggests that this Hamiltonian is well defined only in 
the gauges where A^B(r) = 0. 

After this modification of metric gravity at the canonical level two possible Hamiltonian 
scenarios can be imagined: 

a) Consider as configurational variables 

nAiT,a) = {n; nf){T,a), Aa(^), A^i?(^), ^5'rs(r, a), (2.32) 

with conjugate momenta^ 

n^iT,a) = {n-;nt)ir,a)^0, 7f^(r) ^ 0, ^^^(r) ^ 0, 'W%T,a), (2.33) 

and take the following Dirac Hamiltonian (it is finite and differentiable) as the defining 
Hamiltonian: 

h[d)adm = J d'aluAH'' + A„A^;f](r, a) + XA{r)P^DM + i^XAB{r)JiEM + 

+ CA(r)7^^(r) + CAB(r)7f^^(r), (2.34) 



^^The vanishing momenta are assumed to be the primary constraints. 
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where ua = {n;nf), = [H] "^W) and where \nA{r,B) = (A„ ; A?)(r, a), Ca(t), Cab(t), 
are Dirac muhiphers associated with the primary constraints. 



For Xab{t) = 0, Xa{t) = ^^At, one has p5 



^{D)ADM ~ ^Padm- (2.35) 
The time constancy of the primary constraints imphes the following secondary ones 

n^{T, a) ^ 

Padm ~ 0) 'Jadm ~ 0) (2.36) 

all of which are constants of the motion. While the TY'^'s are generators of proper gauge 
transformations, the other 10 constraints are either generators of improper gauge trans- 
formations (in this case 10 conjugate degrees of freedom in the 3-metric are extra gauge 
variables) or, following Marolf's proposal defining a superselection sector. All the con- 



straints are first class, so that: 

i) Aa(t), Aab(t) are arbitrary gauge variables conjugate to 

ii) the physical reduced phase space of canonical metric gravity is restricted to have zero 
asymptotic Poincare charges so that there is no natural Hamiltonian for the evolution in r. 
This corresponds to the exceptional orbit Padm = of the asymptotic Poincare group. 

This is the natural interpretation of ADM metric gravity which leads to the Wheeler-De 
Witt equation after quantization and, in a sense, it is a Machian formulation of an asymp- 
totically flat noncompact (with boundary) spacetime in the same spirit of Barbour's 
approach and of the closed (without boundary) Einstein- Wheeler universes. However, 



in this case there is no solution to the problem of deparametrization of metric gravity and 
no connection with parametrized Minkowski theories restricted to spacelike hyperplanes. 



b) According to the suggestion of Dirac, modify ADM metric gravity by adding the 10 
new canonical pairs a;|^)(r), ('?"), S^''^^ to the metric gravity phase space with 

canonical basis riAij, = iji-] )(r, a), vr^(T, a) = (vr"; fr^) ^ (the primary constraints), 
^(?rs(r, a), ^W'^{t, a), and then: 
i) add the 10 new primary constraints 

= pfoo) ~ Padm = ^too){ii)i'^)[p[il) ~ ^(J^)B(^)-PADAf] ~ 0? 

X^^ = J(^) - J ADM = ^too){ti)i'^)^foo){iy)i'^)[S[!^) ^ ~ ^(^^)C (^) "^ADA/] ~ 0' 

{X^(r), X^^(r)} ^ Vx'^(r) - V'^X^(r) ^ 0, {x^(r), x^(r)} ^ 0, 

{x^^(r),X^^(r)}--Ci|^^X^^(r)-0, 

{X^(r), n^{r, a)} = {x^^(r), n^{r, a)} = 0, 

{x^{T),n''{T,a)}^0, {x^^(r),7^^(r,a)} ^0, (2.37) 



^^6 gauge fixings to the constraints Jadm ^ ^ are needed to get the induced result Xab{t) 
which ensures foliations well defined at spatial infinity. 
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with p/l.,, Jff, ofEqs.(CT); 

ii) consider Aa(t), Aab(t), as Dirac multipliers [like A„a(t, o^)] for these 10 new primary 
constraints, and not as configurational (arbitrary gauge) variables coming from the lapse 
and shift functions 0, in the assumed Dirac Hamiltonian (it is finite and different iable) 

H(D)ADM = J d^alnAH"^ + A„Avr^](T, a) - 

- Ur)[pU - Padm] - l>^AB{r)[Jf^^ - J^dm] ^ 0. (2.38) 

The reduced phase space is the ADM one and there is consistency with Marolf 's proposal 
regarding superselection sectors: on the ADM variables there are only the secondary first 
class constraints 'H^{T,a) ~ (generators of proper gauge transformations), because the 
other first class constraints p^^-, — Padm ~ O5 ~ Jadm ~ do not generate improper 
gauge transformations but eliminate 10 of the extra 20 variables. One has an asymptotically 
flat at spatial infinity noncompact (with boundary 6*00) spacetime with non- vanishing 
asymptotic Poincare charges and the possibility to deparametrize metric gravity so to obtain 
the connection with parametrized Minkowski theories restricted to Wigner hyperplanes. 

Scenario b) contains the rest-frame instant form of ADM metric gravity. 

To go to the WSW hypersurfaces one follows the procedure defined for Minkowski 
spacetime: 

i) one restricts oneself to spacetimes with ^pfoo) = '^V{fj,){u)p['^)P^(^) > 0; 

ii) one boosts at rest &(^)^(t) and with the Wigner boost L^'^\,y){p(^oo),P(oo))'^ 

iii) one adds the gauge-fixings ( m^^'HpCoo)) = p[[^)/ ± \[^pf^)) 

^ L^'\^)=A{Pi^).koo)) = ^VHp^oo))), 

implying ~Xab{t) = 0, (2.39) 

to the constraints x^^{t) ~ and goes to Dirac brackets. 
In this way one gets 



^'''So that there are no conjugate momenta 7f^(r), and no associated Dirac multipliers 

CA{r), Cab{t). 

^^The analogue of the Minkowski Wigner hyperplanes with the asymptotic normal = 
parallel to P[% (i.e. /g) = b[^2)i = PadmI ^ ^PIdm)- 

^^This is possible, because the positivity theorems for the ADM energy imply that one has only 
timelike or light-like orbits of the asymptotic Poincare group. 
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4U^,^)=4U''^+4'\u{p^oo))V, (2.40) 

so that z^^^ (r, a) becomes equal to the embedding identifying a Wigner hyperplane in 
Minkowski spacetime. 

The origin is now replaced by the not covariant external center-of-mass canonical 
variable 

~(p) (p) , ^ A / / \\ cH{p) 

= + 2H-^MPi^)))VAB 9p^^^^^^ '^(oo)% (2-41) 

and one has 

jMM _ ^(m) J'^) _ -(i^) (m) I r-(M)(l^) /r, 

"^(oo) ~ •^(oo)P(oo) •^(oo)P(oo) + "^(oo) ' l-^-^^J 

As in the Minkowski case one defines 

C) = ef.)(^(P(oo)))ef.)(«(P(oo)))^g{^\ (2.43) 



and one obtains at the level of Dirac brackets [e(oo) = ^^y^pfoo)] 

= JaDM^ ^ABiT) = 0, 



-AA(r)x" = -A^(r)efp)(t.(p(oo)))[pg) -eir)(t.(p(oo)))P|M] = 

= -AA(r)ef^)(u(p(oo)))[M(''nP(oo))(e(oo) - ^Imf) - 4^\p{oc))Padm] = 

= -Ar(^)[e(oo) - PaDm] + ^f{'^)PADM-: 
t(oo) ^ADM ~ ^ADM ~ 

H(D)ADM = J d^a[nAn^ + XnA^n] ^) " Ar(r)[e(oo) - + Ar(i-)PW. (2-44) 

m accord with Eq.(|]2|). 

Therefore, on the WSW hypersurfaces (whose 3-coordinates are denoted {cr*"}), which 
define the intrinsic asymptotic rest frame of the gravitational field, the remaining four extra 
constraints are: 



ADM 



0, 



e(oo) = -eV^^{oo) ~ Padm ~ -^Madm = -e\J ePl^- (2.45) 

Now the spatial indices have become spin-1 Wigner indices (they transform with Wigner 
rotations under asymptotic Lorentz transformations). As for parametrized theories in 



29 



Minkowski spacetime, in this special gauge 3 degrees of freedom of the gravitational field 
become gauge variables, while becomes a decoupled observer with his clock near spa- 
tial infinity. These 3 degrees of freedom represent an internal center-of-mass 3-variable 
a ADM f 9,^^] inside the WSW hypersurface; = ctadm a variable representing the 3- 
center of mass of the 3-metric of the slice St- of the asymptotically flat spacetime M'* and 
is obtainable from the weak Poincare charges with the group-theoretical methods of Ref. 

as it is done in Ref. for the Klein-Gordon field on the Wigner hyperplane. Due to 
Padai ~ we have 



'ADM 



+ 



+ 



+ 



{PadmY - {Padm? 

{J ADM X PaDm) 



+ 



{PadmY - {PadmY{Padm + \J{PadmY - {PadmY) 
K"^ adm-^admi-^adm 



PadmV [PadmY - {PadmY{Padm + V [PadmY - {Padm 



jrr / pr 
■-J ADM I ^ ADM} 



Wadm^ ^adm} — Wadm^ Padai} — S^^, (2.46) 

so that aADAi ~ is equivalent to the requirement that the weak ADM boosts vanish: this 
is the way out from the boost problem in the framework of the rest-frame instant form. 
When eP\^^i > 0, with the asymptotic Poincare Casimirs Padm^ ^adm can build 

the M0ller radius pamd = \/— elV^£,^j / tP\j^^^c, which is an intrinsic classical unit of length 
like in parametrized Minkowski theories, to be used as an ultraviolet cutoff in a future 
attempt of quantization. 

By going from and p'^^ to the canonical basis [|T3| 

e(oo), 

^(00) — '=(oo)l-i{oo) /'{oo)-^(oo)//'(oo)J' 

^£)=p!i)A(oo) = n«(pS^i)), (2.47) 
one finds that the final reduction requires the gauge-fixings 

T(oo)-r^O, aW^O (orJ^^^.^O). (2.48) 

Since {T(oo), e(oo)} = -e, with the gauge fixing T(oo) - r ^ one gets Xr{r) ^ e, e(oo) = 
Padai H(^d)adm = '^f{.'^)PADM- This is the frozen picture of the reduced phase space, 
like it happens in the standard Hamilton- Jacobi theory: there is no time evolution. To 
reintroduce an evolution in T(^oo) = r we must use the energy Madm = ~^Padm (^^^ 
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ADM mass of the universe) as the natural physical Hamiltonian. Therefore the final Dirac 
Hamiltonian is 

Hd = Madm + K{r)P'ADM + / c?V[n^7i:^ + A„A^;f](r, a) ^ 

^ Madm = -^PIdm- (2-49) 
That Madm is the correct Hamiltonian for getting a r-evolution equivalent to Einstein's 



equations in spacetimes asymptotically fiat at spatial infinity is also shown in Ref. [|^. In 
the rest-frame the mathematical time is identified with the parameter r labelling the leaves 
St- of the foliation of M^. 

The final gauge fixings ct^dm ~ [or Jadm ~ 0] imply Xfij) ^ 0, Ho = Madm and a 
reduced theory with the external 3-center-of-mass variables ^(^) decoupled (therefore 

the choice of the origin becomes irrelevant) and playing the role of a point particle 
clock for the time ^(00) = t. There would be a weak form of Mach's principle, because only 
relative degrees of freedom would be present. 

The condition Xab{t) = with Xrir) = e, A^.(r) = means that at spatial infinity 
there are no local (direction dependent) accelerations and/or rotations. The asymptotic line 

element for A(r) =0 reduces to the line element of an inertial system near spatial infinity: 
it defines the preferred asymptotic inertial observers, for instance the fixed stars |JB]. 



While the asymptotic internal realization of the Poincare algebra has the weak Poincare 
charges P^^^ ^ -sMadm, Padm ~ 0, Jadm^ ^adm = Jadm ~ as generators, the 
rest-frame instant form asymptotic external realization of the Poincare generators becomes 

e(oo) = Madm, 

(i) 
P{oo)' 

'^(oo) — •^(oo)/'{oo) ■^{oo)/'{oo) ^ " " ^ADM^ 

jiom _ A^) ~{o) _ fT7-2 _ ^ -JaDmO P(^) , . 

Madm + J Madm + P{oo) 



C. Tetrad Gravity and its Rest-Frame Instant Form. 

Since we have used the ADM action of metric gravity in our formulation of tetrad 
gravity, all the discussion about the differentiability of the Hamiltonian, the defini- 
tion of Poisson brackets, the definition of proper and improper gauge transformations 
can be directly reformulated in tetrad gravity. The only difference inside tetrad grav- 
ity in the Hamiltonian treatment of quantities depending upon "^Qrsij^a) = ^e^ay^e^ajs, 
^ir^{r, a) = \ fe^(^a) ^^{a) + ^^(a) '^^(a)] (^hey are now derived quantities), is that now we have 
fn"(r,a),3n™(r,a')} = 6^{a,a')Fl^^Jl^{T,a)'M^am{r,a) ^ (see Eqs.(4.14) of Ref . 0) 

and not = 0. Therefore, constants of motion (functional F[^grs,^^^'^]) of metric gravity 
remain such in tetrad gravity, since they have weakly zero Poisson brackets with 7i(r, a), 

^H^{T,a) [and, therefore, with '^6r(r, a) and 7ll(a)(r, c?)] and also with the other first class 
constraints vff Jr, c?) ^ 0, ^M(a)(r, ct) ^ 0. 
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As a consequence the weak and strong Poincare charges are still constants of motion in 
tetrad gravity and their weak Poincare algebra under Poisson brackets may only be modified 
by extra terms containing ^M(a)(r, a) ~ 0. In particular, after having added the gauge fixings 
to these constraints and after having gone to Dirac brackets, the weak and strong Poincare 
algebras coincide with those of metric gravity. A more complete study of these properties 
would require the study of the quasi-invariances of the Lagrangian (|2.8| ) of tetrad gravity 
under the gauge transformations generated by the 14 first class constraints of the theory Q. 

The only lacking ingredients are the definition of proper gauge transformations gener- 
ated by the primary (without associated secondary) first class constraints 7r^^(r, a) ~ 0, 

^M(a)(r, a) ^ 0, and the boundary conditions for cotriads ^e(a)r(T, a), because the lapse and 
shift functions N{T,a), Ai'(a)(r, a) = ^e(^-)(r, a)A^r.(r, (?) are treated in the same way as in 
metric gravity, namely we assume the validity of Eqs. ( |2.19| ) in the form 



N{t, a) = N(as)ir, a) + m(r, a), 
N{a){r, a) = ^e(„)(r, a)[Nt^as)f{T, a) + m^.(r, a)] -- 
(a)(^, ^)N(as)f{T, a) + m^a){T, a), 



N(as)f{T, a) = -A,(r) - ^\fs{r)cr'. (2.51) 

Therefore, we shall assume that there exist the same coordinate systems of and S,- as 
in metric gravity and that the S^-adapted tetrads of Eqs.( |2.1|) , whose expression is 
with0 

h)K) = i' = bf = lrr- N'b'^l UK) = ^a)b^^ (2.52) 



(S)^(c«)(m) 



have a well defined angle-independent limit UE^^Yu) spatial infinity, such that 



4 _ /(m) _ _ (uM _ ]\ff ^ 

' (as) 

U^Ua) = ^yiMrsir), (2.53) 



with the same asymptotic ^(^)^(t)'s of Eq.( p.l5|) . 



Let us remark that the E^-adapted tetrads in adapted coordinates of Eqs.i 



(s)^(m) with 



(E)^(o) = ]7(l;-'e(a)^(a)j, 

UK) = {^-'ia))- (2.54) 



^'^Using the second Noether theorem as it was done in Appendix A of III for metric gravity. 
^^6^ are the transformation coefficients to St— adapted coordinates. 
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Due to the presence of the lapse function in the denominator which is hnearly increasing 
in a (to have the possibihty of defining J^Em) > these adapted tetrads exist without singular- 
ities at spatial infinity only if A^b(t) = 0, i.e. on WSW hypersurfaces^^. The same happens 

for the adapted cotetrads Js)^a with J^^E^ = (A^;0), Js)^a = (^^''^ = A^{a);^e('') = 
^e(^a)r)- Also the concept of proper time of Eulerian observers connected with the lapse 
function is divergent at spatial infinity. Therefore, tetrad gravity without supertranslations 
[^ab{t) = 0, m = n, m(^a) = ""-(a) = '^^\a)'^r] and with Poincare charges, admits well defined 
adapted tetrads and cotetrads (with components in adapted holonomic coordinates) only 
after having been restricted to WSW hypersurfaces [rest frame), whose asymptotic normals 
^S) = > tangent to S^, are parallel to Pi^g^/ = &(£)A^ADAf with P^dm ~ Q. This 

again implies the existence of an inertial system at spatial infinity when Aa(t) = (e; 0) and 
Aab(t) = 0, namely the absence of accelerations and rotations there 0. 

In tetrad gravity we shall assume the following boundary conditions consistent with 
Eqs. (|2.27| ) and (|2.3CI|) of metric gravity 



^e^a)f{T, a) 



[I + ^)5(a)r + ^W(„),(r, a), ^Wi^a)f{r, B) = 0(r ^/^), 



^gfs{T, a)= [^e^a)f ^e(a)s](r, a) ^r-»oo (1 + -^)Sfs + ^hfsir, a), 



3 



N{t, a)= N(^as){r, a) + n{T, a), 
n{T,a) ^,_,^0(r-(2+^)), 

N(^as){r,a)= -\r{r) - -\rs{r)a% 
Nf{T, a)= N(^as)f{T, a) + nf{r, a), 



^^This is connected with the criticism in footnote 39. 

^^Namely when one is inside the Christodoulou-Klainermann class of solutions |^], but in general 
with non vanishing shift functions. 

s^When ~Xa{t) / there is a direction independent global acceleration of the origin 3;|^^(t), since 
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N(a)ir, B)= ^e(„)(r, o)Nf{T, a) = A^(as)(a)(r, ^) + ?^(a)(^, 
n^{r, a) ^^^^0{r-^), 

P'ir, a) ^.^00 0(0, 
n{r, a) ^,_^0(r-3), 

a(a)(r, a) ^r~^oc,0{r 

Af,)(r,a)^,^ooO(r-(^+^)), (2.55) 
with the asymptotic hne element 

ds^ = e{[N(^as) + n]^ - [N^as)f + riffel,^ ^el^[N^as)s + ns]){drf - 
- 2e[N(^as)f + nfjdrda'' - e^e(a)f e^aysda'' da"" = 

= (^{[N{as) + n]^{dTf - [^e(^a)fda'' + (A^(as){a) + n(^a))dT]['^e{a)sda' + (A^(as)(a) + n(a))dr]). 

(2.56) 

With these boundary conditions all proper gauge transformations Q go asymptotically 
to the identity. 

Near spatial infinity there is a dynamical preferred observer^ with an associated asymp- 




^^Generated by ?Y(r, a) with parameter (5{T,a) 0{r (^+'')), Gr.(r, cj) with (3^{T,a) 0{r 
'M^a){r,a) with a(„)(r,a) ^ 0(r-(i+^)), 7ff„)(r,a) with v?(„)(r,a) ^ 0(r-(i+^)) for r ^ oo. 

^^Either the canonical non-covariant Newton- Wigner-Iike position x^(^^{t) or the covariant non- 
canonical origin of asymptotic Cartesian coordinates x^('^^{t)- 
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totic inertial Lorentz reference frame given by the asymptotic limit of the S^-adapted tetrads 
of Eqs.( p.2|) : however, as said, these asymptotic tetrads are well defined only in absence of 
supertranslations on the rest-frame WSW hypersurfaces, where (modulo a rigid 3-rotation) 
we get 



(ooE)^(o) - ( 



1 



' j':'=(iv, 



(ooS)-^A 



Nias)ir) 
(as) = -e; 0), 



Sla)N(as)ia){r) 

4 h^^^ _ 
(ooS)-'^A — 







4 ^('^^ 



(0'^(.))' 



(iV(as)(a) = 0;5^)). 



(2.57) 



Then, following the scenario b), the differentiable and finite Dirac Hamiltonian [replacing 
the one of Eqs.( |2.13| )] is assumed to be 



{D)ADM 



d'a[nn + Ha) 'ia) + + ka) ' M^a) + 



+ A„^" + Af„)^f,)](r,a) 



Ir 



(2.58) 



with the same weak (and strong) Poincare charges of metric gravity, Eqs. ( p.23| ) [( |2.25| )], 
expressed in terms of cotriads ^e(a)r and their conjugate momenta ^tt^"^-,, by using ^g^s = 

(a)^^(a)]- Let us remark that we have nf'^'hV ^ 



3^s 3 



However, as already said, we must restrict ourselves to gauges with A^b(t) = 0, namely 
to WSW foliations, to avoid inconsistencies at spatial infinity. 

The rest-frame instant form of tetrad gravity on WSW hypersurfaces is defined by Eqs. 
( [^.39| )-( p.4ij| ). In this gauge the final Hamiltonian for the evolution in r = is weakly 
Madm = —^Padm we also have Aa(t) = (e; 0), = — e + n, Nr = Ur [n(a) = '^e,\^a)^A- 

With the Dirac Hamiltonian (|2.58| ) the Hamilton equations on WSW hypersurfaces are 

drn{T,a) = {n{T,a),H(^D)ADM} = An(r,a), 
drn^a)iT,a) = {n^a)ir,a),H(D)ADM} = A"„)(r,a), 
dr(p{a)iT,a) = {(p(a)ir,a),H(^D)ADM} = A^^)(r,CT), 



+ 



e 

^W^^W" da 



^ ^Go(a)(b)(c)id) ^e(b)r ^e(c)s ^7r(^)J (r, ct) + 

d 1 
+ 'e(,), — (n(,)3e^,)) {r,a) + 



3„s 9^e(^a)r 3 



+ e(a)(6)(c) /i(6)(^, 0-) e(c)r(r,cr) + 



ec 

8^ 



(r, a) - 



27rG n(r, a) 



3~r 3^ 3~s 



^ ^G'o(„)(b)(e)(d) "71(5) ■'e(c)s ■'7r(-rf) 



— ^e[„) ^Go(6)(c)(d)(e) ^e(fe)„ ^^[;) ^e(d)„ ^^^,) 



[r, a) + 
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+ 



n 



(b) ^6(6) ^7r("^) 



9a" 



:r,(T) + 



+ e(a)(fe)(c) ^Tr*" 



+ AA(r)f7f[,)(r,a),Pi^^^,}, 



with 



(fa 
2tiG 



c 

3 3 r 3 s /3pu 3p»; 3pji 3pi) N 



^e(a)r ^^(■fc) ^e(c), ^if'd) 



- / rfV 



3pr 3„u 3-1; 



,r,cr . 



(2.59) 



In Padm the 3-Christoffel coefficients must be expressed in terms of the cotriads, see 
Eq.(Al) of Appendix A. 

Let us remark that, since we are using the ADM expression for the energy PXdmi 
have not to show that it is definite positive, because the ADM canonical approach to metric 
gravity is contained in the one to tetrad gravity. 
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III. THE HAMILTONIAN GROUP OF GAUGE TRANSFORMATIONS. 



In this Section we shall study the Hamiltonian group of gauge transformations in the 
framework of scenario b) of the previous Section following the scheme outlined in Ref. Q 
for metric gravity. The generators of the infinitesimal Hamiltonian gauge transformations 
connected with the identity are the first class constraints. As shown in Appendix A of III for 
metric gravity, the ADM action is quasi-invariant under the pull-back at the Lagrangian level 
of the gauge transformations generated by the Hamiltonian group of gauge transformations. 
As shown in Subsection B of Section IX of Ref. it is only on the solutions of Einstein 
equations that the Hamiltonian group of gauge transformations agrees with the spacetime 
diffeomorphisms in DiffM'^, under which the Hilbert action is invariant. Instead, outside 
the solutions the Hamiltonian gauge group connects different 4- geometries (4-metric modulo 
DiffM^). 

In the 3 2- dimensional functional phase space T*C spanned by the 16 field vari- 
ables n{T,a), r;,(a)(r, a), y9(a)(r, (x), ^e(a)r.(r, a) of the Lagrangian configuration space C 
and by their 16 conjugate momenta, we have 14 first class constraints 7f"(r, a) ^ 
0, 7fJ)(r,a) ^ 0, ^5)(r,a) ^ 0, =^M(a)(r,a) ^ 0, n{T,a) ^ and either 

^0r(T, (t) or 7^(a)(r, (t) ^ 0. Seven pairs of conjugate canonical variables, 
{n(r, a),7r"(r, a);n(a)(r, a),7f[^^)(r, a);v?(a)(i", o"),?]-^^^ are already decoupled from the 

18-dimensional subspace spanned by {^e(a)r{T, a);^7i^^^{T, a)}. The variables in Cg = 
{n(r, a), n(a)(r, a), V5(a)(r, a)} are gauge variables, but due to the decoupling there is no 
need to introduce gauge-fixing constraints to eliminate them explicitly, at least at this 
stage. Therefore, let us concentrate on the reduced 9-dimensional configuration function 
space Cg = {^e(a)r(r, a)} [C = Cg + Ce, T*C = T*Cg + T*Ce] and on the 18-dimensional 
function phase space T*Ce = {^e(a)r(r, a), '^7r(''a)(T, a)}, on which we have the seven first class 

constraints ^M(a)(r, a) ~ 0, ^6r(T, a) ~ 0, 7^(r, a) ~ 0, whose Poisson brackets, defining an 
algebra g, are given in Eqs. (|2.1^) . 



A. Hamiltonian Gauge Transformations. 

Let us call Q the (component connected to the identity of the) gauge group obtained from 
successions of gauge transformations generated by the previous seven first class constraints. 
Since ^M(a)(r, a) Q and '^9r(T, ct) Q form a Lie subalgebra g^ of g (the algebra of Q), let 
Qji be the gauge group without the superhamiltonian constraint and Qrot its invariant 
subgroup containing only SO (3) rotations. The addition to ga of the superhamiltonian 
7i(r, a) introduces structure functions [the last of Eqs.( |2.1^ )] as in the ADM Hamiltonian 



formulation of metric gravity, so that g is not a Lie algebra. 
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The generators of the inner gauge SO(3)-rotations. 



^^The generators of space pseudo-diffeomorphisms (passive diffeomorphisms) in Diff S,- extended 
to cotriads. 
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The gauge group Qr may be identified with the automorphism group Aut LT^r of the 
trivial principal S0(3)-bundle LS^ x 5*0 (3) of orthonormal coframes, whose proper- 

ties are studied in Ref. |^^. The automorphism group Aut LT^j. contains the structure group 
S0(3) of L'Ej. as a subgroup, and, moreover, Aut LT,t- is itself a principal bundle with base 
DiffJ^r (which acts on the base of LS^) and structure group the group of gauge trans- 
formations of the principal bundle LSt-: therefore, locally AutLL-r has the trivialization 
[U C Differ] X ^0(3) and we have 

AutLJ^r LE^ ^ X SO (3) 

i i (3.1) 

Let us concentrate on the study of the non-Abelian Lie algebra and of the associ- 
ated group of gauge transformations Qr. Since Qr contains the group of space pseudo- 
diffeomorphisms Diff S,- (or better its action on the cotriads), it is not a Hilbert-Lie group, 
at least in standard sense P5| , ^ Q; therefore, the standard technology from the theory of 
Lie groups used for Yang-Mills theory ^ is not directly available. However this technology 
can be used for the invariant subgroup of gauge SO(3)-rotations. The main problem is that 
it is not clear how to parametrize the group manifold of DiffJ^T-: one only knows that its 
algebra (the infinitesimal space diffeomorphisms) is isomorphic to the tangent bundle TE,- 



Moreover, while in a Lie (and also in a Hilbert-Lie) group the basic tool is the group- 
theoretical exponential map, associated with the one-parameter subgroups, which coincides 
with the geodesic exponential map when the group manifold of a compact semisimple Lie 



group is regarded as a symmetric Riemann manifold |Q , in Diff E,- this map does not 
produce a diffeomorphism between a neighbourhood of zero in the algebra and a neighbour- 
hood of the identity in DiffL^- Therefore, to study the Riemannian 3-manifold 
E^ we have to use the geodesic exponential map as the main tool [21,^, even if it is not 
clear its relationship with the differential structure of DiffJ^T. The geodesic exponential 
map at p G sends each vector '^Vp = '^V^d^ G TpM'^ at p to the point of unit parame- 
ter distance along the unique geodesic through p with tangent vector ^Vp at p; in a small 
neighbourhood U of p the exponential map has an inverse: q E U C =^ Q = Exp^Vp 
for some "^Vp G TpM^. Then, ^^V^^ are the normal coordinates X2 of q and U is a normal 
neighbourhood. Let us remark that in this way one defines an inertial observer in free fall 
at q in general relativity. 

In Yang-Mills theory with trivial principal bundles P{M, G) = M x G the abstract 
object behind the configuration space is the connection 1-form uo on P{M, G) = M x G 
0; instead Yang-Mills configuration space contains the gauge potentials over the base M, 



^^Gau LT,T-; see Ref. |17| for a review of the notations. 
^°Its differential structure is defined in an inductive way. 
61 See Ref. and the Appendix of Ref. |9|. 
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G is a compact, semisimple, connected, simply connected Lie group with compact, semisimple 



38 



<^^('^) = (T*u;, i.e. the pull-backs to M of the connection 1-form through global cross sections 
a : M P. The group Q of gauge transformations (its component connected to the 
identity) acting on the gauge potentials on M is interpreted in a passive sense as a change of 
global cross section at fixed connection to, ^^uj^i^^) = jj-'^ o-^Cf^) jj _|_ jj-^dU Q: this formula 
describes the gauge orbit associated with the given u. In this case, the group manifold of 
Q Q may be considered the principal bundle P{M, G) = M x G itself parametrized with a 
special connection-dependent family of global cross sections, after having chosen canonical 
coordinates of first kind on a reference fiber (a copy of the group manifold of G) and having 
parallel (with respect to the given connection) transported them to the other fibers (see the 
next Section). In this way we avoid the overparametrization of Q by means of the infinite- 
dimensional space of all possible local and global cross sections from M to P (this would be 
the standard description of ^). The infinitesimal gauge transformations in phase space 
are generated by the first class constraints giving the Gauss laws Fq ^ 0. By Legendre 
puUback to configuration space, we find 

<x+5<x^H = <x^H + = + U-\dU + ["A(^), f/]) = M^"^) + b^^^a = 

= M(-) + {M(-), 1 J, tfU = I + a. (3.2) 

In our formulation of tetrad gravity the relevant configuration variables are globally de- 
fined cotriads ^e(a)r(T, ?) on the hypersurface S,- pa i?^, which is a parallelizable Riemannian 
3-manifold (E,-, ^grs = ^e(a)r ^G{a)s) assumed asymptotically flat (therefore noncompact) at 
spatial infinity and geodesically complete; with these hypotheses we have TS^ ^ J^r x 
and the coframe orthogonal principal affine S0(3)-bundle is also trivial LE^ x 5*0(3) 

Q. In the phase space of tetrad gravity the rotations of the gauge group SO (3) are gen- 
erated by the first class constraints ^M(a)(r, a) ~ 0. Therefore, in this case the abstract 
object behind the configuration space is the so(3)-valued soldering 1-form ^9 = BS"-'>^9{^a) 

This shows that to identify the global cotriads ^e(a)r(T, a) we have to choose an atlas of 
coordinate charts on S^, so that in each chart ^6 ^ M"'^ ^e(a)r(r, a)dcr^'. Since is assumed 
diffeomorphic to R^, global coordinate systems exist. 

The general coordinate transformations or space pseudo-diffeomorphisms of Diff S,- 

are denoted as a ^ {^) = ^i^) = ^ + for infinitesimal pseudo-diffeomorphisms, 

^ (ct) = 6(t{(t) is an infinitesimal quantity and the inverse infinitesimal pseudo-diffeomorphism 



real Lie algebra g. 
^3 au = (T-U with U : M ^G. 

^^It is the space of the cross sections of the principal bundle P(M,G). 
^^The Lie algebra gg oi G: it is a vector bundle whose standard fiber is the Lie algebra g. 
^^Its points are the abstract coframes '^0{a) (= ^^{a)rd(T^ in global S^-adapted coordinates), 
are the generators of the Lie algebra so(3). 
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is (?((?') = a — 5a [a') = a — ^{a). The cotriads ^e(a)r(T, a) and the 3-metric ^grsi^, a) 
'^e(a)r(T, (?) ^e(a)s(r, a) transform as [£x is the Lie derivative along the vector field X] 



e{a)r(r,ff) ^ e(„),,(r,a (a)) = ^ e(a)s(r,a), 

^e(.).(r,a) = ^ V(,),(r, ela)) = ^ V^(e(c?)) V(„),(r, a), 
9a" 9(T^ 



5 e(ay(r,CT) = e(^)^(r, a (a)) - e(a)r(r, a) = 5o e(a)r(r, ct) + e(a)r(r,a) 



da' 

3 ' 



= [/:_^'.g/e(a)„(r,a)(icT"]^ = -{^e(„)^(r, a), ^ dVif (ai) ^e,(r, ai)}, 



^9uv{t, a) 



da'^ da' 

So^grs{r,a) = ^gl^{T,a) -^grs{,r,a) = 

= - 's^dsCia) + 6:drCia) + 5:5:r{^)du 

= [C_^^Q^ ^guv{r, a)da'^ ® da'']rs = a), J c/Vif (ai) ^^.(r, ai)}. 

(3.3) 

Instead the action of finite and infinitesimal gauge rotations of angles a(c)(a) and 5a(c)(?) 
is respectively 

^e(a)r(r, a) ^ ^i?(a){b)(a(c)(o')) ^6(6),. (r, a), 
So^e{a)r{T,a) = {^e(^a)rir,a), J rfVi5a(c)(ai)^M(c)(r,ai)} = 

= e(a){6){c)5tt(fe)(o')^e(c)r(r, a). (3.4) 

To identify the algebra gji of Qr, let us study its symplectic action on T*Ce, i.e. the 
infinitesimal canonical transformations generated by the first class constraints ^M(a)(r, a), 
^0r(r, a). Let us define the vector fields 

X(,)(r,5) = -{.,3M(„)(r,a)}, 

y,(r,a) = -{.,3e,(r,a)}. (3.5) 
Due to Eqs.( |2.1^ ) they close the algebra 



^^V{(,{a)) is the operator whose action on functions is V^('^ (<?))/(<?) = f{£,{(^))- 
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[-^(a)(7", o'),X(5)(r, 5 )] = a )e(a)(b)(c)X(c)(r, ct), 
[X(„)(r,a),y;(r,a')] = -^^^^X(,) (r, a'), 

[y;(r, 5), r,(r, a)] = j-l-^Yrir, a ) j-l-^Ysir, a). (3.6) 

These six vector fields describe the symplectic action of rotation and space pseudo- 
diffeomorphism gauge transformations on the subspace of phase space containing cotriads 
^e(a)r(T, 0^) and their conjugate momenta ^7r|^^-)(r, ct). The non commutativity of rotations 
and space pseudo-diffeomorphisms means that the action of a space pseudo-diffeomorphism 
on a rotated cotriad produces a cotriad which differ by a rotation with modified angles from 
the action of the space pseudo-diffeomorphism on the original cotriad: if <? — > a (a) is a 
space pseudo-diffeomorphism and ^i?(a)(6)(a(c)(o^)) is a rotation matrix parametrized with 
angles a(c)((T), then 

^e(«)^(r, a) ^ ^e[^y{T, a {&)) = ^ ^e(a),(r, a), 

= ^e'(;,),,(a'(a)), 

«'(,)((T'(a)) = a(c)(a), (3.7) 

i.e. the rotation matrices, namely the angles q;(c)(c?), behave as scalar fields under 
space pseudo-diffeomorphisms. Under infinitesimal rotations ^-R(a)(6)(5a(c)(a)) = 5(a)(b) + 
5a(c)((?)(-R'''^^)(a)(b) = S{a){b) + e(a)(b)(c)'^tt(c)(cr) and space pseudo-diffeomorphisms (f' (a) = 
a + (5a(c?) 0, we have 



y" (faiSo2 5cr^(a2)5a(c)(o'i)[Fs(i", o'2),X(c)(r, CTi)]^e(a)r(r, a) 

rf^Cr25/5(c)(o'2)^{c)(r, a2)^e(a)r(r, a), 

<5/3(,)(a) = 5a^(a) 



da' ' 

(3.8) 



B. What is Known on the Group Manifold of Gauge Transformations. 

The group manifold of the group Qr of gauge transformations (isomorphic to Aut LJ^t) 
is locally parametrized by three parameters ^(a) and by three angles a(c)(c?) (which are 



are the S0(3) generators in the adjoint representation; (5a(c)(^)) 5<?(<7) are infinitesimal 
variations. 
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also functions of r), which are scalar fields under pseudo-diffeomorphisms, and contains an 
invariant subgroup Qrot whose group manifold (in the passive interpretation) is the space 
of the cross sections of the trivial principal bundle x S0{3) ~ LE^ over S^, like in S0(3) 
Yang-Mills theory [l^, if is topologically trivial (its homotopy groups 7rfc(S^) all vanish); 



therefore, it may be parametrized as said above. As affine function space of connections 
on this principal S0(3)-bundle we shall take the space of spin connection 1-forms ^W(a), 
whose pullback to by means of cross sections a : ^ x 5*0(3) are the (Levi-Civita) 
spin connections (or Ricci rotation coefficients) ^co'r(a)(T, cT)do-^' = a* ^uj(^a) built with cotriads 
^e(a)^(r, a) Q such that ^Qrs = ^e(^a)r ^e(^a)s- 

Due to our hypotheses on (parallelizable, asymptotically flat, topologically trivial, 
geodesically complete), the Hopf-Rinow theorem implies the existence of (at least) one 
point p G which can be chosen as reference point and can be connected to every other 
point g G with a minimizing geodesic segment 7pg; moreover, the theorem says that 
there exists a point p G from which is geodesically complete and that the geodesic 
exponential map Expp is defined on all TpS,-. If S,- is further restricted to have sectional 
curvature ^Kp{lV) < for each p G S,- and each tangent plane 11 C TpT^r, the Hadamard 
theorem I^T] says that for each p G S,- the geodesic exponential map Expp : TpT^r —>■ is 
a diffeomorphism: therefore, there is a unique geodesic joining any pair of points p,q eT^t 
and St- is diffeomorphic to as we have assumed. 

In absence of rotations, the group Qr is reduced to the group Dif f of space pseudo- 
diffeomorphisms. In the active point of view, diffeomorphisms are smooth mappings (with 
smooth inverse) S,- — S^: under Differ a point p G S,- is sent (in many ways) in every 
point of St-. In the passive point of view, the action of the elements of DiffEr, called 
pseudo-diffeomorphisms, on a neighbourhood of a point p G S,- is equivalent to all the 
possible coordinatizations of the subsets of the neighbourhood of p 

A coordinate system (or chart) {U, a) in St- is a homeomorphism (which is also a diffeo- 
morphism) a of an open set f/ C S^ onto an open set cr{U) of R^: ii a : U —>■ cf{U) and 
p E U, then a{p) = (cr''(p)), where the functions cx^ are called the coordinate functions of a. 
An atlas on St- is a collection of charts in St- such that: i) each point p G S,- is contained in 
the domain of some chart; ii) any two charts overlap smoothly. Let A = {{Ua,cra)} be the 
unique complete atlas on St-, i.e. an atlas by definition containing each coordinate system 
{Ua, (Tq) in S,- that overlaps smoothly with every coordinate system in A. 

Given an active diffeomorphism : S,- — St- (i.e. a smooth mapping with smooth 
inverse) and any chart {U, a) in A, then {(j){U), cr^ = aocj)) is another chart in A (the dragged- 

along chart) with cr^{j))'^= a^cpij))) and, if p G t/. Therefore, to each active diffeomorphism 
: St- ^ St- we can associate a mapping (p^A '■ A ^ A, i.e. a pseudo-diffeomorphism. 
If we consider a point p G St- and the set Ap = {{Uf^,cr^)} of all charts in A containing 



group of gauge transformations of the coframe bundle LS,-; it is a splitting normal Lie 



subgroup of Aut LT^r ^| . 
^^They and not the spin connections are the independent variables of tetrad gravity. 
^^I.e. to all possible changes of coordinate charts containing p. 
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p, then for each diffeomorphism : — we will have the pseudo-diffeomorphism 
4'A '■ -^p ~* -^p- This suggests that a local parametrization of Diff S,- around a point 
p G may be done by choosing an arbitrary chart {U^, a^) as the local identity of 

pseudo-diffeomorphisms [^(c?) = a] and associating with every nontrivial diffeomorphism 
: ^ S^, a = ^i^), the chart (f/| = 0(f/P), = o 0). Since ^ i?^ admits 

global charts S, then the group manifold of DiffJ^r may be tentatively parametrized (in 
a nonredundant way) with the space of smooth global cross sections (global coordinate 
systems) in a fibration T.^ x T,^ —>■ Tj^ ^ this is analogous to the parametrization of the 
gauge group of Yang-Mills theory with a family of global cross sections of the trivial principal 
bundle P{M, G) = M x G. The infinitesimal pseudo-diffeomorphisms would correctly 
correspond to the cross sections of the fibration T,r x TJ^r — > S,-. With more general S,- the 
previous description would hold only locally. 

By remembering Eq.( |3.1| ), the following picture emerges: 

i) Choose a global coordinate system H on S,- (for instance 3-orthogonal coordinates). 

ii) In the description of Diff S,- clS ^-^T X St- St- this corresponds to the choice of a global 
cross section o"h in St- x St-, chosen as conventional origin of the pseudo-diffeomorphisms 
parametrized as c? i-^ ^(a). 

iii) This procedure identifies a cross section of the principal bundle Aut LJ^t Dif fL^-, 
whose action on LSt- will be the SO (3) gauge rotations in the chosen coordinate system S 
on St-. 

iv) This will induce a S-dependent trivialization of LS^ to S^"^ x 5*0(3), in which St- has 
S as coordinate system and the identity cross section crj-"'' of S^") x 5*0(3) corresponds to 
the origin of rotations in the coordinate system H 

v) As we will see in the next Section, it is possible to define new vector fields Yj.{T,a) 
which commute with the rotations ([X(a)(r, a), 1^(t, c? )] = 0) and still satisfy the last line 
of Eqs.( p.6| ). In this way the algebra qr of the group Qr is replaced (at least locally) by 
a new algebra g^, which defines a group which is a (local) trivialization of AutULr- 
It is at this level that the rotations in Qrot may be parametrized with a special family of 
cross sections of the trivial orthogonal coframe bundle S^^^ x 5*0(3) ~ -^^St-, as for SO (3) 
Yang-Mills theory, as said in iv). 

We do not know whether these steps can be implemented rigorously in a global way for 
St- ~ B?\ if this is possible, then the quasi- Shanmugadhasan canonical transformation of 
Section V can be defined globally for global coordinate systems on S^. 



Both to study the singularity structure of De Witt superspace 1 36, 52, 53 1 for the Rieman- 



^^I.e. local pseudo-diffeomorphisms defined on the open sets containing p. 

^^Each global cross section of this fibration is a copy jir^ of St- with the given coordinate system 



^^The algebra TEt- of DiffJ^r |^^; its generators in its symplectic action on T*Ce are the vector 
fields Yj. (r, a) . 

Remember that the angles are scalar fields under pseudo-diffeomorphisms in DiffTir- 
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nian 3-manifolds (the space of 3-metrics modulo Diff S,-), for instance the cone over 



cone singularities of Ref. |54], and the analogous phenomenon (called in this case Gribov 
ambiguity) for the group Qrot of SO (3) gauge transformations, we have to analyze the sta- 
bility subgroups of the group of gauge transformations for special cotriads '^e(a)r(T, ?), 
the basic variables in tetrad gravity. In metric gravity, where the metric is the basic vari- 
able and pseudo-diffeomorphisms are the only gauge transformations (we are ignoring the 
superhamiltonian constraint at this stage), it is known that if the 3- metric over a non- 
compact 3-manifold like S,- satisfies boundary conditions compatible with being a function 
in a Sobolev space W'^''^ with s > 3/2, then there exist special metrics admitting isome- 
tries. The group /so(St-, ^g) of isometries of a 3-metric of a Riemann 3-manifold (S,-, ^g) 
is the subgroup of DiffT,r which leaves the functional form of the 3-metric ^grs{T,(T) in- 
variant (its Lie algebra is spanned by the Killing vector fields): the pseudo-diffeomorphism 
a I— > (f' (a) = ^((t) in Diff S,- is an isometry in /so(St-, ^g) if 

Vs(r,a (a)) = ''gUr,a'{a)) = V(r,a). (3.9) 

In such a case the function space of 3-metrics turns out to be a stratified manifold with 
singularities [^]. Each stratum contains all metrics ^g with the same subgroup /so(S^, ^g) C 



Diff E,- each point in a stratum with n Killing vectors is the vertex of a cone, which is 
a stratum with n-1 Killing vectors (the cone over cone structure of singularities ||54|| ). 
FromQ 

Vs(r,a'(a)) = ^g'^^{T,a (a)) = ^e[^y{T,a {a))^e[^^^{T,a (a)) = 

9a" da"" . , 9a" 9a" , , 

= d^d^ ^?™(^'^) = ^^ e(,),(r,a) e(,),(r,a), 

/ / / 9a" 

^e[ay{T,a{a)) = i?(„)(fe)(7(r,a'(a)))^3e(fe)„(r,a), (3.10) 

it follows that also the functional form of the associated cotriads is invariant under 

Iso{J:^,'g) 

9a* 

^e(a)r(r,a (a)) = S'^)r(^> o^V)) = R{amil{r,B' {a)))-^^e(^b)siT,a). (3.11) 

Moreover, ^grs{T, a (a)) = ^g'^^ir^a {a)) implies ^r^"(r, a'(a)) = ^r"g(r, a'(a)) and 
^W^rst^T^a {a)) = ^K^rstiTjCr (a)), so that Iso(T,r,^g) is also the stability group for the 
associated Christoffel symbols and Riemann tensor 



r:f.(r,a(a))=^r,:(r,a(a)) 



9a'" 9a™ 9a" 3 9^" 9a " 

9^97^97^ 9aW* 9a"' 



^"^Isomorphic but not equivalent subgroups of Diff S,- produce different strata of 3-metrics. 
^^At the level of cotriads a pseudo-diffeomorphism-dependent rotation is allowed. 
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lmn[T,a) 



da- da'- da' ^ da' t (3-12) 

Let us remark that in the Yang-Mills case (see Ref. [0 and the end of this Section) the 
field strengths have generically a larger stability group (the gauge copies problem) than the 
gauge potentials (the gauge symmetry problem). Here, one expects that Riemann tensors 
(the field strengths) should have a stability group SR{T,r,^g) generically larger of the one 
of the Christoffel symbols (the connection) Sr{^T,^g), which in turn should be larger of 
the isometry group of the metric: SR(J2r,^g) ^ Sr(X,r,^g) ^ Iso(T,r,^g)- However, these 
stability groups do not seem to have been explored in the literature. 

Since the most general transformation in for cotriads ^e(a)r(T, c?), spin connections 
R^"^ ^w^(a)(r, a) and field strengths R^"'^ ^Vlrs{a){r, a) is □ 



3'R 



da' 



e(a)r(^>^ (o^)) = R{a)(b)ia^c)ir,a))-^ e(b),(r,a), 
da"" 



da' 



'i?-i(a(e)(r, a)) i?^'^) ^uj^ia){r, a) ^R{a(^e){r, a)) + 



+ ^R-\a(e)ir, a))du ^i?(a(e)(r, a)) 
da^ 

Ir'^^^ 3^„(,)(r, a) + 3i?-^(a(e)(r, a)) D^^) 'i?(a(e)(r, a)) 



da' 



\a)) + 'R-\a^e){T, a)) D^^'^ 'R^a^^r, a' (a))). 



R^"^ '^'rX)ir, a {a)) = -T^T^'R-'Mr, a)) R^^^ ^fi„.(„)(r, a) 'R{a^.){T, a)) 



da' da 
da"" da" 



'Quv(a){r, a) + 



da'' da' 

+ ''R~\a(e){T,a)) [r^''^ =^fi™(a)(r, a),^R{a^e){r, a)) 
= i^(")3^]:3(,)(r,a'(a)) + 

+ 'R-\a[4T,a\a)))[R^^^%,^^^ir,a\a)),'Rial^^^^ (3.13) 

where (£)("'))(„)(;,) = D^^lb)r{T,a) = 6(^a){b)dr + e(^a){c)ib)^(^r{c){r, a) and ^i?(a(e)) are 3 x 3 
rotation matrices, the behaviour of spin connections and field strengths under isometries 
can be studied. 



C. The Gribov Ambiguity. 

Let us now briefiy review the Gribov ambiguity for the spin connections and the field 
strengths following Ref. . All spin connections are invariant under gauge transformations 



'''^We conform with the notations of Ref. [17 
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belonging to the center of SO (3): & Z3 ^ ^^Ha) ~ ^^r(a)- 

As shown in Ref. [|r7|, there can be special spin connections ^uJr(a){T, which admit a 
stability subgroup G^qt symmetries) of Grot, leaving them fixed 

3i?(a(e)(r,a)) eg^^ b[-'^^R{a(e){r,a)) = ^ H^„)(r,a) = V(a)(r,a). (3.14) 
From Eq.( ^.llD , it follows that under an isometry in Jso(S^,^(7) we have '^uo'^(^^-^{T,a {a)) = 



3 



ci;r.(a)(,T, namely the rotations ^i?(7(r, a'(cr))) are gauge symmetries. 



When there are gauge symmetries, the spin connection is reducible: its holonomy group 
<l>^ is a subgroup of S0(3) [^^ C S0{?>)] and Q^qt □ satisfies ^^^t = Zso{z){^'^) ^ ^3- 

Moreover, there can be special field strengths ^O.rs{a) which admit a stability subgroup 
^ROT of Grot leaving them fixed 



^/?(a(e)(r,a)G^^ ^ [^(") =^^],,(,)(r, a), =^i?(«(e)(r, a)] = 



=^fif,(.(r,a)=3^],,(,)(r,a). (3.15) 



We have Q^qt — Grot = ^so{3)('^'^) ^ ^3 and there is the problem of gauge copies: there 
exist different spin connections ^Ur(a){'T, ^) giving rise to the same field strength ^flrs{a){'T, 

A spin connection is irreducible, when its holonomy group is a not closed irreducible 
matrix subgroup of SO (3). In this case we have Q^qt ^ ^rot — ^so{3)('^'^) = ^3 and there 
are gauge copies, but not gauge symmetries. 

Finally, a spin connection '^Uj.[a)iji^) is fully irreducible if = 5*0(3): in this case 
there are neither gauge symmetries nor gauge copies {Q^qt = Grot = ^3) and the holonomy 
bundle P'^ip) of every point p G x S0{?>) coincides with x 5*0(3) itself, so that every two 
points in x 5*0(3) can be joined by a cj-horizontal curve. Only in this case the covariant 
divergence is an elliptic operator without zero modes (this requires the use of special weighted 
Sobolev spaces for the spin connections to exclude the irreducible and reducible ones) and 
its Green function can be globally defined (absence of Gribov ambiguities). 

In conclusion, the following diagram 

3, , 3o 

\a)r t (3.16) 



3„ , 3p-u , 3 pu 

yrs J- rs 



together with Eqs. p.ll| ), ( p.l3| ), implies that, to avoid any kind of pathology associated with 
stabihty subgroups of gauge transformations, one has to work with cotriads belonging to a 
function space such that: i) there is no subgroup of isometries in the action of Dif f E,- on the 
cotriads (no cone over cone structure of singularities in the lower branch of the diagram); ii) 
all the spin connections associated with the cotriads are fully irreducible (no type of Gribov 
ambiguity in the upper branch of the diagram). Both these requirements point towards the 



use of special weighted Sobolev spaces like in Yang-Mills theory [p!7||55 . 

It would be useful to make a systematic study of the relationships between the stability 
groups SR{T,r,^g) ^ SriT,r,^g) ^ Iso {T,r,^g) and the stability groups Grot — Grot and 



^'^It is always equal to the centralizer of the holonomy group in S0(3), Zgo{3){^'^ 
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to show rigorously that the presence of isometries (Gribov ambiguity) in the lower (upper) 
branch of the diagram implies the existence of Gribov ambiguity (isometries) in the upper 
(lower) branch. 

Let us make a comment on the global Gribov ambiguity. Both in Yang-Mills theory 
and in tetrad gravity with angle-dependent boundary conditions on noncompact spacelike 
Cauchy surfaces we cannot make an one-point compactification of these surfaces: therefore, 
the relevant principal fiber bundles remain trivial and have the global identity cross section 
needed for the evaluation of Dirac's observables, but at the price of having the local Gribov 
ambiguities described in this Section. In the limit of angle-independent boundary condi- 
tions in suitable weighted Sobolev spaces (only completely irreducible connections; absence 
of local Gribov problem; well defined color charges in Yang-Mills theory and absence of 
supertranslations in tetrad gravity) we will go on to consider trivial principal fiber bundle: 
even if now it would be possible to make the one-point compactification, we are not do- 
ing it not to loose the global identity cross section. Otherwise our construction of Dirac's 
observables in the following Sections would become local. 

In the more complex case in which magnetic monopoles or other objects which require 
the use of a non-trivial principal bundle from the beginning are assumed to exist , we remark 
that strictly speaking action principles depending on gauge potentials on the base manifold 
do not exist and one should reformulate the gauge theory starting from an action principle 
defined on the principal bundle manifold and depending on the connections on it ||5^. Then 
one would have many more gauge degrees of freedom (the vertical vector fields) and the 
search of Dirac's observables should be reformulated in this framework. 

See Ref. for a treatment of large diffeomorphisms, the analogous of the large gauge 



transformations (due to winding number) of Yang- Mills theory [17|, not connected to the 
identity. 

The requirement of absence of isometries for every Riemann 3-manifold (the Cauchy 
surfaces) in the foliation of the spacetime M^, associated with its allowed 3-1-1 splittings, 
should not be an obstruction to the existence of 4-isometries of the pseudo-Riemannian 4- 
manifold M^. For instance Minkowski spacetime has ten 4-isometries (the Killing vectors 
are associated to the kinematical Poincare group) and can be foliated with foliations whose 
spacelike leaves admit no 3-isometry of their intrinsic Riemannian structure. 



D. The Superhamiltonian Constraint as a Generator of Gauge Transformations. 

Let us now consider the gauge transformations generated by the superhamiltonian con- 
straint, whose meaning has never been completely clarified in the literature (see for instance 
Refs. ||5^j5^). Here we shall repeat what has been already said in Ref. P regarding metric 



gravity. Since in tetrad gravity the superhamiltonian constraint is the same as in metric 
gravity [|^], only re-expressed in terms of the cotriads and their momenta, the interpretation 
of the gauge transformations generated by this constraint is the same in the two theories. 

In Ref. |^0[ the superhamiltonian and supermomentum constraints of ADM metric grav- 
ity are interpreted as the generators of the change of the canonical data ^Qrs, ^H*"*, under 
the normal and tangent deformations of the spacelike hypersurface S,- which generate T^r+dr 
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Therefore, the algebra of supermomentum and superhamiltonian constraints reflects the 
embeddability of into (see also Ref. [59|). 

As a consequence of this geometrical property in the case of compact spacetimes without 
boundary the superhamiltonian constraint is interpreted as a time- dependent Hamiltonianioi 
general relativity in some internal time variable defined in terms of the canonical variables 
(see for instance Ref. [^] and the so called internal intrinsic many-fingered time ||63|| ). 

The two main proposals for an internal time are: 

i) The intrinsic internal time : it is the conformal factor g(r, a) = |/n det ^Qrs or 0(r, a) = 
^\q{T,u) _ ^3^^1/12 > g Qf 3-metric. It is not a scalar and is proportional to Misner's time 
VL= —\l'n V7 @] for asymptotically fiat spacetimes (see Appendix C of II): q = 

ii) York's extrinsic internal time T = —^^q = 3;^^n 

There are two interpretations of the superhamiltonian constraint in this framework 

a) Either as a generator of time evolution (being a time-dependent Hamiltonian) like in 
the commonly accepted viewpoint based on the Klein-Gordon interpretation of the quantized 
superhamiltonian constraint, i.e. the Wheeler-DeWitt equation 0. 

b) or as a quantum Hamilton- Jacobi equation without any time (one can introduce a 
concept of evolution, somehow connected with an effective time, only in a WKB sense [0). 

A related problem is the validity of the full or thick sandwich conjecture [|69i[70| and 



of the thin sandwich conjecture [j: see Ref. |]73[ (and also Ref. [73|) for the non validity of 
the full case and for the restricted validity (and its connection with constraint theory) of 
the thin case. 

Since the superhamiltonian constraint is quadratic in the momenta, one is naturally 
driven to make a comparison with the free scalar relativistic particle described by the 



^^One thinks to as determined by a cloud of observers, one per space point; the idea of 
bifurcation and re-encounter of the observers is expressed by saying that the data on (where 
the bifurcation took place) are propagated to some final Ti-r+dr (where the re-encounter arises) 
along different intermediate paths, each path being a monoparametric family of surfaces that fills 
the sandwich in between the two surfaces; embeddability of S,- in becomes the synonymous 



with path independence; see also Ref. |61] for the connection with the theorema egregium of Gauss. 



^^See Ref. |62] for a review of the known results with York's extrinsic internal time, Ref. for 



York cosmic time versus proper time and Refs. [36,3^] for more general reviews about the problem 
of time in general relativity. 

See Kuchar in Ref. |65] and Wheeler's evolution of 3-geometries in superspace in Ref. [||J7| ; 



see Ref. for the cosmological implications. 

^^Given two nearby 3-metrics on Cauchy surfaces S,-^ and S^-j, there is a unique spacetime M^, 
satisfying Einstein's equations, with these 3-metrics on those Cauchy surfaces. 

Given and dr ^g on S,-, there is a unique spacetime with these initial data satisfying 
Einstein's equations; doing so the constraints become equations for the lapse and shift functions 
against the logic of the Hamiltonian presymplectic theory. 
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first class constraint — eim? {]. As shown in Refs. |1T5| , [75[] , the constraint manifold 
in phase space has 1- dimensional gauge orbits (the two disjointed branches of the mass- 
hyperboloid) ; the r-evolution generated by the Dirac Hamiltonian Hd = X{t){p^ — em?) 
gives the parametrized solution x^ij). Instead, if we go to the reduced phase space by 
adding the non-covariant gauge-fixing x° — r ^ and eliminating the pair of canonical vari- 
ables x° ^ T, p° ^ iiy/p^ + m'^, we get a frozen Jacobi description in terms of independent 
Cauchy data, in which the same Minkowski trajectory of the particle can be recovered in the 
non-covariant form x{x°) by introducing as Hamiltonian the energy generator ±v^^~+7?t? 
of the Poincare group 

This comparison would suggest to solve the superhamiltonian constraint in one com- 
ponent of the ADM canonical momenta ^11'''^, namely in one component of the extrinsic 
curvature. 

But, differently from the scalar particle, the solution of the superhamiltonian constraint 
does not define the weak ADM energy, which, instead, is connected with an integral over 
3-space of that part of the superhamiltonian constraint dictated by the associated Gauss 
law, see Eqs.(5.4) of Ref. 0. Indeed, the superhamiltonian constraint, being a secondary 
first class constraint of a field theory, has an associated Gauss law like the supermomentum 
constraints. In every Gauss law, the piece of the secondary first class constraint correspond- 
ing to a divergence and giving the strong form of the conserved charge (the strong ADM 
energy in this case) as the flux through the surface at infinity of a corresponding density 
depends on the variable which has to be eliminated in the canonical reduction by using the 
constraint (the conjugate variable is the gauge variable): once the constraint is solved in 
this variable, it can be put inside the volume expression of the weak form of the conserved 
charge to obtain its expression in the reduced phase space; the strong ADM energy is the 
only known charge, associated with a constraint bilinear in the momenta, depending only 
on the coordinates and not on the momenta, so that this implies that the superhamiltonian 
constraint has to be solved in one of the components of the 3-metric. 

This shows that the right approach to the superhamiltonian constraint is the one of 
Lichnerowicz ||76| leading to the conformal approach to the reduction of ADM metric gravity 
77| , [78|j65| , [79[| 0. In this approach the superhamiltonian constraint supplemented with the 



gauge fixing ^K{t, a) ~ (or ^ const.; it is a condition on the internal extrinsic York time), 
named maximal slicing condition, is considered as an elliptic equation (the Lichnerowicz 
equation) to be solved in the conformal factor (j){T, a) = ea''^'^''^) > of the 3-metric rather 



^^With the variables of Ref. [ 24 1 , one adds the covariant gauge- fixing p ■ x/ \fp^ — r ~ and 
eliminates the pair T = p ■ x/y^, e = r\\fp^ ~ itm; now, since the invariant mass is constant, 
ibm, the non-covariant Jacobi data z = e{x — px°/p°), k = p/e cannot be made to evolve. 

*^See Appendix C of II for its review and for some notions on mean extrinsic curvature slices, for 
the TT (transverse iraceZess)-decomposition and for more comments about internal intrinsic and 
extrinsic times. 

^^Namely in its determinant "^g = <p^'^ (^g = (^e)^ with '^e = det{^e(^a)r) ii^ tetrad gravity), which 
can be extracted from it in a 3-covariant way. 
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than in its conjugate momentum. Lichnerowicz has shown that the superhamiltonian and 
supermomentum constraints plus the maximal slicing condition of ADM metric gravity form 
a system of 5 elliptic differential equations which can be shown to have one and only one 



solution; moreover, with this condition Schoen and Yau [£0| have shown that the ADM 
4-momentum is timelike (i.e. the ADM energy is positive or zero for Minkowski spacetime). 
Moreover, Schoen- Yau have shown in their last proof of the positivity of the ADM energy 
that one can relax the maximal slicing condition. See the reviews with their rich 

bibliography. 

In the conformal approach one put ^g^s = 0^^o"rs [det^cTrs = 1] and ^11'"'' = + 
i3^rs3f[ p^^^s^rs ^ g]. Then, oue makes the TT-decomposition = + ^IIY (the 

TT-part is the conformally rescaled distortion tensor) with ^11^* = {LW-,rY^ — W^^^ + W^^^ — 
I ^g^^ Wn\uy where is York gravitomagnetic vector potential. The superhamiltonian and 
supermomentum constraints are interpreted as coupled quasilinear elliptic equations for (j) 
and (the four conjugate variables are free gauge variables), which decouple with the 
maximal slicing condition = 0; the two physical degrees of freedom are hidden in ^W^rp 
(and in two conjugate variables). 

In Ref. |^T| it is shown that given the non-canonical basis [see the end of Appendix 
C of II, in particular its Eq.(C7)] T = -^^K = ^^t^, Vr = -det^grs = 

^cr^s = ^grs/ {det^gY^^, , there exists a canonical basis hidden in the variables ^ars, ^H^* 
(but it has never been found explicitly) and that one can define the reduced phase space 
(the conformal superspace) S 0, in which one has gone to the quotient with respect to the 
space diffeomorphisms and to the conformal rescalings. It is also shown that one can define 
a York map from this reduced phase space to the subset of the standard phase superspace 
Q defined by the condition = const.. 

In the conformal approach one uses York's TT- variables |7^, because most of the work 
on the Cauchy problem for Einstein's equations in metric gravity is done by using spacelike 
hypersurfaces S of constant mean extrinsic curvature (CMC surfaces) in the compact case 
(see Refs. [^,p3,R3]) and with the maximal slicing condition T(r, a) = 0. It may be extended 



^^The conformal superspace S may be defined as the space of conformal 3-geometries on closed 
manifolds and can be identified in a natural way with the space of conformal 3-metrics (the quotient 
of superspace by the group Weyl T,r of conformal Weyl rescalings) modulo space diffeomorphisms, 
or, equivalently, with the space of Riemannian 3-metrics modulo space diffeomorphisms and con- 
formal transformations of the form ^g^s ^ 4'^^grs, (j) > 0. Instead, the ordinary superspace S 
is the space of Lorentzian ^-metrics modulo spacetime diffeomorphisms. In this way a bridge is 
built towards the phase superspace, which is mathematically connected with the Moncrief splitting 



theorem |82,78| valid for closed S,-. See however Ref. |78| for what is known in the asymptotically 



flat case by using weighted Sobolev spaces. 

^'^ Quotient of the ADM phase space with respect to the space diffeomorphisms plus the gauge 
transformations generated by the superhamiltonian constraint; it is the phase space of the super- 
space, the configuration space obtained from the 3-metrics going to the quotient with respect to 
the space- and time- diffeomorphisms of the ADM formalism. 
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to non constant T) in the asymptotically free case 

Let us remark that in Minkowski spacetime ^K{t, a) = are the hyperplanes, while 
^K{t, a) = const, are the mass hyperboloids, corresponding to the instant and point form of 
the dynamics according to Dirac respectively (see Refs. for other types of foliations). 

Instead in asymptotically free spacetimes there exists a time evolution in the mathemat- 
ical time parametrizing the leaves of the 3+1 splitting of governed by the weak ADM 
energy as we have seen with the rest-frame instant form of gravity. The superhamilto- 



nian constraint is not connected with time evolution: the strong and weak ADM energies are 
only integrals of parts of this constraint. Instead it is the generator of Hamiltonian gauge 
t r ansf ormat ions . 

As a constraint it determines the non-scalar conformal factor (the determinant) of the 
3-metric as a functional of ^ars and ^11''* [of ^e(^a)r, ^^(a) tetrad gravity]. But this means 
that the associated gauge variable is the canonical momentum conjugate to the conformal 
factor. This variable, and not York time, parametrizes the normal deformation of the 
embeddable spacelike hypersurfaces S,-. Now, since different corresponds to different 
3+1 splittings of M^, in the class of the allowed ones going in an angle-independent way to 
Minkowski spacelike hyperplanes, we get that the gauge transformations generated by the 
superhamiltonian constraint correspond to the transition from an allowed 3+1 splitting to 
another one (this is the gauge orbit in the phase space over superspace). Therefore the theory 
is independent from the choice of the 3+1 splitting like parametrized Minkowski theories. 

Since the solution of the Lichnerowicz equation gives the conformal factor = e"^/^ = 
^3^-ji/i2 ^ function of its conjugate momentum and of the remaining canonical variables 
as in the compact case, also in the asymptotically free case only the conformal 3-geometries 
contain the physical degrees of freedom, whose functional form depends on the other gauge 
fixings, in particular on the choice of the 3- coordinates. 

A gauge fixing to the superhamiltonian constraint is a choice of a particular 3+1 splitting 
and this is done by fixing the momentum conjugate to the conformal factor 

Therefore it is important to study the Shanmugadhasan canonical bases of both metric 
and tetrad gravity, in which the conformal factor of the 3-metric ^ is one of the configu- 
rational canonical variables (see Section VI). One of these bases should correspond to the 
extension of the York map to asymptotically fiat spacetimes: in it the momentum conjugate 
to the conformal factor is just York time and one can add the maximal slicing condition as 
a gauge fixing. 

This leads to the conclusion that neither York's internal extrinsic time nor Misner's in- 



See also Ref. |85| for recent work in the compact case with non constant T and Ref. |g6| for 
solutions of Einstein's equations in presence of matter which do not admit constant mean extrinsic 
curvature slices. 

^^A non-local information on the extrinsic curvature of S,-, which becomes the York time, or the 
maximal slicing condition, only with the special canonical basis identified by the York map. 

^^Or better, if one succeeds in doing it, an Abelianized form of the superhamiltonian constraint 
having zero Poisson bracket with itself. 
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ternal intrinsic time are to be used as time parameters: Misner's time (the conformal factor) 
is determined by the Lichnerowicz equation while York's time (the trace of the extrinsic 
curvature) by the gauge- fixing. As said in Section XI of Ref . , the rest-frame instant form 
of metric and tetrad gravity uses a mathematical time identified before quantization: the 
parameter r = T(oo) labelhng the WSW hypersurfaces and coinciding with the rest-frame 
time of the external decoupled center of mass of the universe considered as a point particle 
clock. We refer to Ref. for further details and for the connection to the either proper or 
coordinate time of physical clocks. 
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IV. MULTITEMPORAL EQUATIONS AND THEIR SOLUTION. 



In this Chapter we study the multitemporal equations [^] (or generahzed Lie equations 
associated with the gauge transformations in Qji, to find a local parametrization of the 
cotriads ^e(a)r(r, a) in terms of the parameters ^^(r, a) and a(a)(T, o^) of Qr. We shall assume 
to have chosen a global coordinate system S on ^ to conform with the discussion of 
the previous Section. 

A. The Mult i- Temp oral Equations for the Rotations. 

Let us start with the invariant subalgebra Qrot (the algebra of Qrot) of rotations, whose 
generators are the vector fields X(a)(r, a) of Eqs.( |3.5|) . Since the group manifold of Grot is 
a trivial principal bundle T,^^ x S0{3) ~ LS^ over S,-, endowed with the coordinate system 



S, with structure group SO (3), we can use the results of Ref. ^Jj for the case of SO (3) 
Yang-Mills theory. 

Let a(a) be canonical coordinates of first kind on the group manifold of S0(3). If r^""^ 
are the generators of so(3), [r^^^r*^^)] = e(^a)(b)(c)r^^^ Q la{s) = expso{3) {sa^a)^^"'^) is 

a one-parameter subgroup of S0(3) with tangent vector a(a)r*^") at the identity / G 5*0(3), 
then the group element 7q(1) = expso(3){'^{a)r^°'^) E Nj C S0{3) is given coordinates 
{a(a)}. If Y(^a) and 9(a) are dual bases (iy 9(b) = ^ia){b)) of left invariant vector fields and 

(a) 

left invariant (or Maurer-Cartan) 1-forms on SO (3), we have the standard Maurer-Cartan 
structure equations^ 

[Yia), Y(b)] = e(a)ib)ic)Y(c), [Y(a)\i = v'^"^ G so{3)], 

d9(a) = ~-<^{a){b){c)9(b) ^9(c), [9(a)\i = r(a) E so{3y]. (4.1) 
Then, from Lie theorems, on the group manifold we have 

Y(a) = B(b)ia){a)j^, 9(a) = A(a)ib){a)da(b), A{a)=B-\a), A(0) = 5(0) = 1, (4.2) 
oa(b) 

and the Maurer-Cartan equations become 

dA(a)(c){a) dA(a)(b){a) _ a (r.^A 

— —^(a){u)(v)^(u){b)[<^)^{v){c)[<^), 



da(b) da(c) 



dB(a)(c){a) dB(a)(b){a) 



Y(b)B(a)(c){a) - Y(c)B(a)(b)ia) = B(u)(b){a) — — B(u)(c){a 



da(u) da(u) 
B(a)iu){oi)e(u)(b)(c)- (4.3) 



^"^Instead R^""^ are the generators in the adjoint representation, (R^"" 



(b)(c) - e(a){b){c) 



^^Nj is a neighbourhood of the identity such that 6X^50(3) is a diffeomorphism from a neighbour- 
hood of G so(3) to Nj. 
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so(3)* is the dual Lie algebra; TS0{3) ^ so(3), T*S0{3) ^ so(3)*. 
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By definition these coordinates are said canonical of first kind and satisfy A(^a){b)i(^) = 
a(a), so tliat we get A{a) = (e-^" - 1)/Ra with {Ra)(^a)ib) = {R^''^)(a){b)Oi{c) = e(a){b){c)a(c)- 
The canonical 1-form on S0(3) is uJso{3) = d{a)r^"'^ = A(^a){b)ict)da(b)r^"'^ Q- Due to the 
Maurer-Cartan structure equations the 1-forms 6(^a) are not integrable on SO (3); however 
in the neighbourhood Nj C 5*0(3) we can integrate them along the preferred defining line 
7q,(s) defining the canonical coordinates of first kind to get the phases 

na(s) _ pais) 

%("(s))=7.y^ ^{a)\ia=iaj^ A(«)(6)(a)da(b). (4.4) 
If d^^ = ds—^'^g^\a=a{s) = dso{3)h^{s) is the directional derivative along 7^, on 7^ 

[a) 

we have d^^flj^-^{a{s)) = 9(^a){c({s)) and rf^^ 6'(a)(«(s)) = ^ d"^^ = 0. The analytic atlas 
J\f for the group manifold of SO (3) is built by starting from the neighbourhood Nj of the 
identity with canonical coordinates of first kind by left multiplication by elements of SO (3): 
^f = Uae50(3) {a ■ Nj}. 

As shown in Ref. [|l^ for x 5*0(3), in a tubular neighbourhood of the identity cross 
section aj of the trivial principal bundle R^ x 5*0(3), in which each fiber is a copy of the 
SO (3) group manifold, we can define generalized canonical coordinates of first kind on each 
fiber so to build a coordinatization of R^ x 5*0(3). We now extend this construction from 
the fiat Riemannian manifold {R'^,6rs) to a Riemannian manifold (E,-, ^(yfj-s) satisfying our 
hypotheses, especially the Hadamard theorem, so that the 3-manifold S,-, diffeomorphic to 
R^, admits global charts. 

Let us consider the fiber S0(3) over a point p G E^, chosen as origin a = of the global 
chart H on S,-, with canonical coordinates of first kind = a(a)(T, 0) on it. For a given spin 
connection on E^^^ x 5*0(3) let us consider the '^u- horizontal lifts through each point 
of the fiber S0(3) of the star of geodesies of the Riemann 3-manifold (S^, ^grs = ^e(a)r ^G(^a)s) 
emanating from p E T^r ■ If the spin connection ^co'(a) is fully irreducible, S,- x 5*0(3) is in 
this way foliated by a connection-dependent family of global cross sections defined by the 
^a;-horizontal lifts of the star of geodesies Q. The canonical coordinates of first kind on the 
reference SO (3) fiber may then be parallel- (with respect to ^oo{a)) transported to all the other 
fibers along these ^w-dependent global cross sections. If p = (p; a{a)) = (t, 0; a(a)(r, 0)) is a 
point in S,- x 50(3) over p G S^, if cr(p) : S,- ^ S,- x 50(3) is the ^tu-dependent cross section 

through p and if ^<^r(a)(''"' (^)d<^^ = '^(p) ^^{a), then the coordinates of the point intersected by 
cr(p) on the SO (3) fiber over the point p of with coordinates (r, a) are 

a(a) {t, B) = a(^b) {t, 0) C(fe)(a) (a, 0; r) = 

= «(,)(r,0)(P,^^,eJo ^(0^ ^j^^^^^^, (4.5) 
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a ^(a)d5o(3) «(a), «(«) £ -5*0(3); dso{3) is the exterior derivative on S0(3). 



^^They are not ^w-horizontal cross sections, as it was erroneously written in Ref. [|T^, since such 
cross sections do not exist when the holonomy groups in each point of S,- x 5*0(3) are not trivial. 
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where Clb)(a) ^' Wu-Yang non-integrable phase with the path ordering evaluated 

along the geodesic 7^^/ from p to p' . The infinitesimal form is 



«(a)(^, da) ^ a^a){r, 0) + — '-^^ |a=oC?(^ ~ 

a(b)(r, 0) \6(b)(a) + (^^'^)(6){a) ^^r(c)(r, 0)da'] , (4.6) 



implying that the identity cross section ai of T.^^ x 5*0(3) [a(a) = Q;(a)(T, 0) = 0] is the 
origin for all S0(3) fibers: a(a)(T, 0^) |o-j = 0. As shown in Ref. fl^, on crj we also have 
drO:(a){T, a)\aj = 0. With this coordinatization the difference between the coordinates 
a(a)(r, 0) of a point p in the fiber over the reference point p G S^, = (r, 0), and the 
point p on the neighbouring fiber over p G S,-, = {T,da), joined to p by the lift of 
the geodesic joining p and p , is numerically equal to the horizontal infinitesimal increment 
drO:(a){'T, ^)dcr'^\ff^(^ in going from = to + dc? in St- of a function a(a)(r, a) 

da^a)\a=aiT,a) = da(^a){r, a) = dra^a){r, a)da''. (4.7) 

These new coordinates of p differ from the natural canonical coordinates of first kind existing 
on the fiber to which p belong by just this quantity, which then assumes the meaning of a 
vertical infinitesimal increment added to the natural coordinates. 

With this coordinatization of S!^"-* x SO (3), in the chosen global coordinate system S for 



E,- in which the identity cross section aj is chosen as the origin of the angles, as in Ref. ||T7 
we have the following realization for the vector fields X((j)(t, a) of Eqs.(|3] 



5 5 

Xia){T,a) = g(b)(a)(a(e)(r,a)) J- — 7-^ = A(b)(^)(a(e)(r,a))X(b)(r,a), (4.8) 

where the functional derivative is the directional functional derivative along the path 
7a(T,(T)(s) in S^") X 5*0(3) originating at the identity cross section aj (the origin of all SO (3) 
fibers) in the S0(3) fiber over the point p G with coordinates (t, a), corresponding in 
the above construction to the path 7a (s) defining the canonical coordinates of first kind in 
the reference SO (3) fiber. It satisfies the commutator in Eq.(|3.6|) due to the generalized 
Maurer-Cartan equations for x 5*0(3) [A = B^^] 



I Q = Q(T,a) 



R (r^ g^(^)(b)(a(e)) dB^y)^a){a(^e)] 

= 5(i,)(d)(tt(e)(l", 0'))e(rf)(a)(fe), 
^^(a)(c)(«(e)) I M(a)(fe)(a(e)) 

oa(b) da(c) 

= e(a)(„)(t,)A(„)(fe)(a(e)(r,CT))A(^)(c)(a(e)(r, a)), (4.9) 

holding pointwise on each fiber of S^") x 5*0(3) over (r, a) in a suitable tubular neighbour- 
hood of the identity cross section. 

By defining a generalized canonical 1-form for Qrot, 
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where 



(4.10) 

are the generahzed Maurer-Cartan 1-forms on the Lie algebra Qrot of Qrot and where we 
defined the matrices if(a)(a(e)(r, a)) = R^^^ y4(6)(a)(a(e)(r, a)), the previous equations can be 
rewritten in the form of a zero curvature condition 

_ ^IM^I + [i7(,)(a(e)(r,a)),iJ(,)(a(e)(r,a))] = 0. (4.11) 



Eq.(3.19) of Ref. |jl| and Eqs.( p.5| ) give the following multitemporal equations for the 
dependence of the cotriad ^e(a)r.(r, a) on the 3 gauge angles Q!(a)(T, a) 



^{b)ir,a )^e(a)r(r, a) = i?(c)(fe)(a(e)(r, a ) 



5^e(ay(r, a) 



(5a(c)(r, a) 

{^e(a)r(r, ct), ^M(b)(r, a)} = -e(a){b){c) ^e(c)r(r, a)6^{a, a), 



-e(a)(c)(d)^(c)(fe) ("(e) {t,^)) ^e(a)r (l" , a)5^((T , a ) 



5^e(a)r{T, a) 

^^'^^(c)(6)(a(e)(r, a))] ^^^^^^ ^e(rf),(r, a)5='(a, a) 
^(fe)(a(e)(r, a))] ^^^^^^ ^e(d)^(r, a)5^(a, a). 



(4.12) 



These equations are a functional multitemporal generalization of the matrix equation 
-^U{t,to) = hU{t,to) , U{to,to) = 1, generating the concept of time-ordering. They are 



integrable (i.e. their solution is path independent) due to Eqs.( [4.liD and their solution is 

^e(^a)rir,a) =^R(^a){b)ia{e)iT,a))^e^b)rir,a), (4.13) 

where 



^i?(a)(b)(a(e)(r, a)) 



V /{a){b) 



^(c)(a(e))2'a(c) 



V J (a 



(a)(6) 



(a)(6)' 



(4.14) 
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is an arbitrary path originating at the identity cross section of Sr"^ x SO {3); due to the path 
independence it can be replaced with the defining path 'ya{T,a){s) = 7(t, a; s). 
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is a point dependent rotation matrix [^Rja){b)i'^) = ('^) since R^""^^ = —R^"-'']. 

In Eg. ( [4. 141) we introduced the generalized phase obtained by functional integration along 
the defining path in X 5*0(3) of the generalized Maurer-Cartan 1-forms 



"(e)(T,CT;s) 

(7) -f^(a)(tt(e))^^tt(a) = 

(7) / R^"' A(^a){b){0i{e))'^0l{b). 



(4.15) 



As shown in Ref. 



we have 



W{a(^e){T, a; s)) = R^''^O^a){a(e){r, a; s), 9^a(e)(r, a; s)), 



(4.16) 

where is the restriction of the fiber or vertical derivative dy on T^^^ x 5*0(3) (the BRST 
operator) to the defining path, satisfying rf? = due to the generalized Maurer-Cartan 
equations. 

In Eg. ( [4. 131 ), ^e(a)r(r, c?) are the cotriads evaluated at a(a)(r, a) = 0, i.e. on the iden- 
tity cross section. Being Cauchy data of Eqs.(4]T2|), they are independent from the angles 
Q;(a)(r, a), satisfy {'^e(a)r(T, a), ^M(fe)(r, a )} = and depend only on 6 independent functions 
P^ . We have not found 3 specific conditions on cotriads implying their independency from 
the angles 

Since Eq. (A24) of Ref. []1[ gives the law ^— > R ^ujr R^ — RdrR^ for the spin connection 
under local SO (3) rotations, under infinitesimal rotations we get 



5a(c)(r, a] 



-{V(a)(r,a),^M(fe)(T,a )} = 

5(a)(6) <9r + e(a)(c)(6) '^^r{c){'T, ^] 



\cr, a 



5{a)(b)dr - (i?^'^ ^Wr(c)(r, a))(a)(6) J 5^(a, o) = /)^5),(r, a)6^{a, a), 

(4.17) 

which is the same result as for the gauge potential of the SO (3) Yang-Mills theory. We can 
use the results of Ref. [0 to write the solution of Eq.( |4.17| ) 

3, 



A{a){b){a(e){r, a))dra(^b){r, a) + ^u;J2)(r, a, a(e)(r, a)) 



with 



3, S^) 



r(a)V^. 0^,a(e)) 



\a=aiT,a) = -e(a)(d)(c) ^(d)(fe) (tt(e) (l", ^)) ^^^J5)(^' «(e)(^, ff)) ■ (4.18) 



da(b) 



loo-pj^g Q(^)(t, (?) are the 3 rotational gauge degrees of freedom hidden in the 9 variables ^e(^a)riT^ <?)• 
D^i^^^i^y{T, a) is the S0(3) covariant derivative in the adjoint representation. 
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In ^uJr(a){T,(^)do-^ = 6'(a) (t, (t) + ^uj^^^^{t, (T , a(e){T, a))da^ , the first term is a pure gauge 
spin connection (the BRST ghost), while the second one is the source of the field strength: 

^^rs{a) = f^r^'^l^^) " ds^uj'^^) - e{a)(fe)(c) ^^^^i^f,) ^^^Ifj)- Moreover, the Hodge decomposition 
theorem (in the functional spaces where the spin connections are fully irreducible) implies 

that 3,;(^j^(r,a)'=i/3a;(2^(r,a,a(e)(r,a)) satisfies ^^V^^^J^j) = 0. 

?'\3, ,{-L)/ _ ^ 3, ,(-L), 



Since we have X(fe)(r, a) ^c^^(j)(r, a) = -e^a){c){b) ^^r(c)(^' o')5^(ct, a), we get 



5a(fe)(r, a) 



^(6)("(e)(l-, 0^))](a)(c) 0^'), 

3.(i^)(r,a) = (Pe-("(^)(-)))^^^^^^3^J[)(r,a^ 



'V^''^J(i)(^,^) = 0. (4.19) 

The transverse spin connection ^^i'l^a) (''"' ^) independent from the gauge angles a(^a) {t, ^) 
and is the source of the field strength ^Vtrs(a) = dr ^(I'^^J-, - ds ^tZ'^.^j^ - ei^a){b){c) ^^llb) ^^It) 
invariant under the rotation gauge transformations. Clearly, '^(^^(a) is built with the reduced 
cotriads ^e^ay- 

Let us remark that for ^(^^^^■^(r, a)c/(j'' = 6'(a)(r, ct) we get ^Qrs{a){'T,(^) = and then 
'^Rrsuv = 0: in this case the Riemannian manifold {T,r,^grs = ^e(a)r ^e(a)s) becomes the 
Euclidean manifold {R^, ^Qrs) with ^g^^ the fiat 3-metric in curvilinear coordinates. Since 



Eg. ( [4.131) implies that ^grs = ^e(^a)r^e(^a)s and since ^g^g{T,a) = = ^grsi^), if cr"(a) 



are Cartesian coordinates, we get 

(see the remark after Eqs.(A19) of Ref. ||l| ). This implies that for an arbitrary ^g we 
have the decomposition ^F"^ = ^A"^ + ^r"^ with ^F"^ = ^e"^) '^e{h)B '^^r{a){h) the source of the 
Riemann tensor. This implies that 



3ef,),(r, ^) = ^ %)u{r, a) = Sia)u^^. (4.21) 
Therefore, a flat cotriad on has the form 



3gF ;,^ _ 3 



(9(5-" fa) 



(a)rl^,0^)= %)(6)(«(e)(r,0=))^(fe)n^^. (4.22) 

Eqs.(3.19) of Ref. |[l|] imply the following multitemporal equations for the momenta 

, , (^ ^vf r (r, (t) 

X(fe) (r, a ) (r, ct) = (a(e) (r, a ) ^ = 

= -e(a)(6)(c) %)(r,a)(5='(a,a'), (4.23) 

whose solution is pvr(a) (t, c?) depends only on 6 independent functions] 
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TT 



(4.24) 



With the definition of SO (3) covariant derivative given in Eq.( 4.17 ), the constraints 
'H(a){'T, (t) ^ of Eqs.( |2.1I| ), may be written as 



^6^ + ^co'r(fe) ^M(b) 



r,cr 



so that we have {^tt^^^^{t, a) is a field with zero SO (3) covariant divergence) 



(4.25) 



3~(r)r/ ^ 



with 



^/Vi [5:5(„)(,)5^(a, ai) + 4t,)(a, ai; r)DS,),(r, ai)J=^^(^)(r, ^0- (4-26) 



In this equation, we introduced the Green function of the SO (3) covariant divergence, defined 
by 



D 



(4.27) 



In Ref. |T^, this Green function was evaluated for = R^, the fiat Euclidean space, 
by using the Green function c{a — a) of the fiat ordinary divergence [A = d"^] in Cartesian 
coordinates 



da — a 



da ■ c(a — a 



da c{a — a 



'a 



a — a 



a — a 



a — a 



(4.28) 



where n{a — (? ) is the tangent to the fiat geodesic (straight fine segment) joining the point 
of coordinates a and a , so that n((r — a) ■ is the directional derivative along the flat 
geodesic. 

With our special family of Riemannian 3-manifolds (Tj^-^ ^g), we would use Eq. ( [4. 2 81) in 
the special global normal chart in which the star of geodesies originating from the reference 
point p becomes a star of straight lines. In non normal coordinates, the Green function 
c((T — a ) will be replaced with the gradient of the Synge world function or De Witt 
geodesic interval bitensor (T£)]y{a,(T ) (giving the arc length of the geodesic from a to 
a ) adapted from the Lorentzian spacetime to the Riemannian 3-manifold {Ilr,^g), i-e. 



/(^'^ ) = gC^Wl^'^' 



(4.29) 
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giving in each point a the tangent to the geodesic 7^^/ joining the points p and p of coor- 
dinates a and a in the direction from p to p. Therefore, the Green function is |^ 

c,':,l;)(-.-v) = \xs,s'){p,^, '^^'"■"■""*'<"°^"),.,„. (^-ao) 

with the path ordering done along the geodesic 7^^'. This path ordering {Wu-Yang non- 
integrable phase or geodesic Wilson line) is defined on all x 5*0(3) only if the spin 
connection is fully irreducible; it is just the parallel transporter of Eq.( ^4.5| ). 

Eqs.( [4.13D show the dependence of the cotriad on the 3 angles a(a)(T, 0^), which therefore 
must be expressible only in terms of the cotriad itself and satisfy {a(a)(r, a), a(6)(r, a )} = 
0. They are the rotational gauge variables, canonically conjugate to Abelianized rotation 
constraints vr^>)(r, a) ~ 0. From Eqs. (|4.8|) , since the functional derivatives commute, we see 
that we have the following expression for the Abelianized constraints |1T7|J92 

7ffa)(^, ^) = -^M(fe)(r,a)A(b)(„)(a(e)(r, a)) ^ 0, 
{^f,)(r,a),^f,)(r,a')} = 0, 

{a(a)(r, a), 7r^ft)(r, a)} = v4(c)(b)(a(e)(r, a'))X(c)(r, a')a(a)(r, a) = 

= <5(,)(5)5^(a,a). (4.31) 

The functional equation determining a(a)(T, a) in terms of ^e(a)r(r, a) is 

- S(a){b)5^i^,^') = {a(a)(r,CT),^Af(e)(r,a')}v4(c)(6)(a(e)(r,a') = 

= (^{c){u)(v) ^e(^,y(r, a ){a(a)(r, a), ^7r(„)(r, a )}A(^c)(b){a{e){r, a )) = 
A ( ( ^'\\3 ( 5(^{a){.r,a) 

= ^{c){u){v) /1(c)(6) (a(e)(r , (T )) e(^u)r{T , (T ) — TT^, 

t;(5;)r \ i , O J 

=^ (^{b){u)(v) e(„),.(r, o- j— — ^ = -i^(a)(5)(a(e)(r, o-jjd [a, a ), 

e(6)(n)(i>) ^e(„)^(r, a) A(a)(c)(«(e)(T, a))— -^^^y^-^ = -'5(a)(fe)'^^(o', O"'), 

6(^)f. (^T, (J J 



e(6)(n)M e(„)r(r, j— ^- = -d^a)(b)0 [a, a j, 

^^JaMe)ir, ^)) 1 3 ^, ^, 

/3e(,.(.,cf-) = 6^^^ )• 



(4.32) 



^^"^drdL ,((?,(?') = — (^3((T, (?'); dr, ^{(T,a)dr is the directional derivative along the geodesic 7 . 
at p of coordinates a. 
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This equation is not integrable like the corresponding one in the Yang-Mills case [jl^ . 
Having chosen a global coordinate system S on E^- as the conventional origin of pseudo- 
diffeomorphisms, the discussion in the previous Section allows to define the trivialization 
T,^'' X 5*0 (3) of the coframe bundle LS^. If: 

i) aj"^ is the identity cross section of x 50(3), corresponding to the coframe 



'(a) - 

^^{a)r^^^ in LT^r (o"'^ are the coordinate functions of S); 

ii) cr'-"-* is an arbitrary global cross section of Tj^^ x 5*0(3), corresponding to a coframe 
^^(a) = '^^{a)rd&'' in LS^, in a tubular neighbourhood of the identity cross section where the 
generalized canonical coordinates of first kind on the fibers of S^"^ x 50(3) are defined; 

iii) a'^"\s) is the family of global cross sections of S^") x 50(3) connecting S^"^ = a^"\s = 0) 
and S^"^ = a''^\s = 1) so that on each fiber the point on crj"^ is connected with the point 
on S*^^) by the defining path 7 of canonical coordinates of first kind; 

then the formal solution of the previous equation is 



(a)l«(e) 



,(r,a) 



(-R^"^)(a){6) ^e(„)T'^e(6)r, 



(4.33) 



where the path integral is made along the path of coframes connecting ^^^^^ with ^9(^a) just 
described. As in Ref. , to get the angles Q;(a)(r, a) from f2^^j(a;(e)(r, ct)), we essentially 
have to invert the equation Qj^^{a[e)) = 7 Jo"'"'' ^(a){6)(«)'^«(6) with A = [e^^ — 1)/Ra. 



B. The Mult i- Temp oral Equations for the Pseudo-DifFeomorphisms. 

Let us now study the multitemporal equations associated with pseudo-diffeomorphisms 
to find the dependence of ^e(a)r(r, a) on the parameters Ciji Disregarding momentarily 
rotations, let us look for a realization of vector fields ^^(t, c?) satisfying the last line of 
Eqs.dJ). If we put 



we find 

[y;(r,a),i;(r,a')] 



i;(r,a) 



9e(r,a) 5 



(4.34) 



9e(r,a)953(a,a') 5 dC{T,a)d6\a,a) 6 



da"- 



da' 5^^{r,a] 



da' 



da"- 5C(^, 0^) 



dCir, a) d6'^{a, a) 



da"- 



da' 5i'^{T,a') 



6 _ dC{r,a)d6\a,a) 6 



9 r^rtr,.-),. . . 9-r(r..-),3,^._^. 



da 



da' 



da' da'"- 5C(^,o^) 
5 



da'd 



'a' 



+ 



da 



d f dCiT,a') , 
-[ ^-7; — 



da' 



da'-'da' 



5Ha,a 



5i-{T,a') 
5 _ 
5e(r, a) " 



61 



da' 



da' d^^'ir^a] 



da' 



da' 0^) 



da' 



da' 



(4.35) 



in accord with the last of Eqs.( p.6|) . Therefore, the role of the Maurer-Cartan matrix B for 
rotations is taken by minus the Jacobian matrix of the pseudo-diffeomorphism a \—>- ^{a). 
To take into account the noncommutativity of rotations and pseudo-diffeomorphisms [the 
second line of Eqs.(^.6|)], we need the definition 



Yr{T,a) = -{.,'Qr{T,a)} 



d^'{T,a) 6 da(a){r,a) 



da' 5^'{T,a) da''' (5a(a)(r, a) 



(4.36) 



Clearly the last line of Eqs. (|3.6| ) is satisfied, while regarding the second line we have 
consistently 



[X(a)(r, a),Yr{T,a')] = -[fi(fe)(a)(a(e)(r, a)) 



6 da(c){r,a) 6 



5a^b) (r, a) ' da' 5a(c) (r, a) 



-B{b)ia){a(e){r, a)) 



d5^ 



a, a 



6 



+ 



da{c){ 



r, a 



da' 
d5^{a,a 
da' 



da'' 5a(6)(r, a') ~'~ 

■a{T,a) 



da 



Sa(b){r, a) 



-^(a)( 



r, a . 



(4.37) 



From Eqs.( |4.36D and (|4.8| ) we get 

5 da'iO: 



S^'{T,a) d^' 



Ys{t, a) + A(„)(b)(«(e)(r, a))^^^^|i^X(„)(r, a) 



='{.,-kr,a)}, 



{., ^e,(r, a)} + e^a)sir, <?){., ^M(,)(r, a)} 



def 



{eir,a),nlir,a')} = 5:5'ia,a' 



{%f{T, a),^f(r, a )} = 0, 



(4.38) 



where 7r,^(r, a) is the momentum conjugate to the 3 gauge variables ^'{T,a), which will 
be functions only of the cotriads. On the space of cotriads the Abelianized form of the 
pseudo-diffeomorphism constraints is 



7f^(r, a) 



g^r l|'=l(r,CT) 



^Qs{r, a) + 0(^a)s{a{e){r, a), dua^e){r, a)) ^M(^a){r, a) 
r, a) ^ 0, 



(4.39) 
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and both ^'^(r, a) and 7r^(r, a) have zero Poisson bracket with a(a)(r, (t) 

Therefore, the 6 gauge variables ^''(r, a) and a(a)(r, ct) and their conjugate momenta 
form 6 canonical pairs of a new canonical basis adapted to the rotation and pseudo- 
diffeomorphisms constraints and replacing 6 of the 9 conjugate pairs ^e(^a)r{T, a), ^7f(a)(T, cr). 
From Eqs.(3.19) of Ref. and from Eqs.(|]36D and ( ^ITSD , we get 



6 



^i?(a){6)(a(e)(r,CT))%(6)r(r,CT) = 



da{c){T, a) ^^i?(a)(fe)(a(e)(r, a)) 3^ 
()a(c)(r, a) 

aVe(,),(r, a) 



-^%)(6)(«(e)(^, a)) 



0-, a 



''\ 3 



(9^%)(b)(Q(e)(r, g)) 

-{^e(a)^(r, a),3e,(r,a')} = 



-^i?(a)(fe)(a(e)(r, a)) 



d 



3^ 



e(fe)r 



e^b)r\T,a)6 {a,a ) + 



da' 



+ '^R{a){b)io:{e)ir, a))^e(fe)r(r. 



06^ { 



a, a 



da"- 



so that the pseudo-diffeomorphism multitemporal equations for ^e(a)r(T, ct) are 



Ys{T,a) e(a)r(T, a) 



-5 (a,(T ) - e(a)4r, a) 



(a, a') 



Analogously, from Eqs.(3.19) of Ref. [H and Eqs. ([4.36|) and ( [4.24|) we have 



>^s(r,crV7f[,)(r,a) = - 



dC{r,a) 6 _ 9a(c)(r,a') 



5 



^^'s (5^"(r, a') acr''" (5Q;(c)(r, a') 



^%){6)(a(e)(r, a))%)(r, ct) 



R{a){b){a{e){r, a )) 



r, cr 



+ R{a){b){a{e){T,a)) ^(b)(r,a) 
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da' 
d5\a,a) 
da'^ ' 



+ 



(4.40) 



(4.41) 



(4.42) 



and we get the pseudo-diffeomorphism multitemporal equation for ^vr^^-j (r, a) 

9e(r,aV=^^;,)(r,(7) _ 



-y;(r,a)%)(r,a) 



-\a)ir,cr) - '5:=^^(.)(r,a)^^. (4.43) 



Let us remark that the Jacobian matrix satisfies an equation hke ( 4.41| ) 



-n(r,a) 



da"- da' 5^''{r,a) da"- 

ae(^, ff')dS'^ia,a) _ g"(r, a)d5'\a,a) 
da'' da''' da' da'^' 

deir,a)d5''ia,a') , 9V(r,cr),3 



da' da'r +^^^^(^'^) = 



da' da'"' ' Scr'' Scr''' 

so that the identity q^u ^ ^^s^'Hr's')^ ~ '^'^^^a'}^''^^^ ^^(^^ ^')' iinplies the following solutions of 
the multitemporal equations |^ 



da- Q^r 

S^e^a)r{T, a) ^ 

6^'{r,a') 



a 



^e^a)rir, a) = ■'R(a)(b)ia{e)ir, a)) — ^ ^e(b),(r, ^(r, ct)) 
_ d^'jr, a) 3p , ^-.^^ ^^^^3, 



%){6)(a(e)(i", ^(^, o'))) e(fe),(r, ^(r, a)), 



'9rs{T,a) = ^^^^^^^^^e(,).(r,ar,a^))^e(„).(r,e>,a^)). (4.45) 

Here the cotriads ^e^ay (t, ct) depend only on 3 degrees of freedom and are Dirac observ- 
ables with respect to both Abelianized rotations and pseudo-diffeomorphisms. Again, like 
in the case of rotations, we have not found 3 specific conditions on the cotriads implying 
this final reduction. This is due to the fact that, even if one has a trivial coframe bundle, 
one does not know the group manifold of Diff S,- and there is no canonical identity for 
pseudo-diffeomorphisms and therefore also for rotations inside the gauge group Qr. 

Eqs.([4.45D are the counterpart in tetrad gravity of the solutions of the 3 elliptic equations 



for the gravitomagnetic vector potential of the conformal approach [|79| (see the end of 
Appendix C of II). 



Again V{^{t, a)) is the operator with the action V{^{t, (T))/(r, a) = f{T,^{T, a)); and Eqs.(| 
is used. 
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If ^agl^ \(!=(iT a) inverse Jacobian matrix and | ^^^^ | the determinant of the Jaco- 

bian matrix, the following identities 
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i 

-Yira') - 

= a^l"ae^l«=«r,a)J'^ ^ ) + '^.-^l?-|-(r,a) g^^. ^ (4-46) 

and [use is done of SlndetM ^ Tr (M'^SM)] 

d , d^r, a) , , ae(r, a) , 9(7^(0 , d^Cir, a) 



da"-^ da ^ ^ da ^ 9^ '«=«(^'^) (9a'- (9a^ 
5 ,9e(r,a), ,ae(r,a) ^^^(a,^') 



_f (r a')\ ^^^^'^^ I - -I ^^^^'^^ I f4 47) 



allow to get 



^7r(a)(T, ^) = ^i?(a)(&)(«(a)(T, a)) ^7f[(,)(T, a) = 



— * 

= ^i?(„)(,)(a(e)(r.a)) | | V^(f(r, a)) ^.^{r.a), (4.48) 

where ^tt^^-j (t, a) are Dirac observables with respect to both Abelianized rotations and 
pseudo-diffeomorphisms. In a similar way we get 

3e[„)(r, a) = 'R^^mMr, ff))%^\(=(^r,a) l(r, a)), (4.49) 

with ^e(^)(T, a) the Dirac observables for triads dual to ^e(^a)r{'T: The line element becomes 
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To get ^''(r, ct) in terms of the cotriads we have to solve the equations 



da' 



(4.50) 



(- 



e(a)u{r,cr ^ 



d 



0. 



(4.51) 



We do not know how to solve these equations along some privileged path in the group 
manifold of Diff S,- after having chosen a global coordinate system S as a conventional 
origin of pseudo-diffeomorphisms due to the poor understanding of the geometry and 
differential structure of this group manifold. Presumably, since the fibers of x S^- are also 
copies of St-, on each one of them one can try to define an analogue of canonical coordinates 
of first kind by using the geodesic exponential map: 

i) choose a reference fiber J^r in S,- x S,- over a point p = (r, 0) chosen as origin in the base 

n 

ii) if Qo is the point in x at the intersection of St-^q with the conventional identity cross 



) 



IS 



section S^^^ and qi the point where S^-o intersects a nearby global cross section S^" 
another global coordinate system on S,-), we can consider the geodesic 7^^,^ on S^oi 
iii) use the geodesic exponential map along the geodesic 7^^^^ to define pseudo-dijfeomorphism 



and of {r(r,a),3%)(r,a')} = 0. 

^^^This identifies a conventional identity cross section T,^^ in the proposed description of Diff S,- 
with the fibration S,- x S,- — > for the case S,- ~ i?^. 

i06rpj^gj^ connected to all the points in base with geodesies; for S,- ~ this is well defined; the 
global cross sections corresponding to global coordinate systems should be horizontal lifts of this 
geodesic star with respect to some notion of connection on the fibration. 
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Use is done of Eq.(ra), of (2.11 
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— * — # I 

coordinates ^{r, 0) describing the transition from the global coordinate system S to H over 
the base point p = (r, 0); 

iv) parallel transport these coordinates on the fiber S,- o to the other fibers along the geodesies 

of the cross sections S^" \ 

If this coordinatization of the group manifold of Diff for ^ can be justified, 
then one could try to solve the previous equations. 

Instead, we are able to give a formal expression for the operator V{^{(t)) whose 
action on functions /(a) is V{C,{a))f{a) = /(^(o^))- We have 

V(^(a))=R,e^I^ (4.52) 

where the path ordering is along the geodesic 7 in joining the points with coordinates 
a and a = ^(a). For infinitesimal pseudo-diffeomorphisms a ^ a (<?) = ^(a) = a + 5a{a) 
[with inverse o = ^ ^ a{^) = ^ — we have 



V{a + 5a) ^ 1 + 6a'{a) 



9 , c- c/^N d 
1 + 6cx'(a) 



da"^ da 



: f{a) ^ f{a) + Sa%a)^^ ^ f{a + 6a{a)). (4.53) 
Formally we have |^ 



By using Eqs.(g;^ and (3.19) of Ref. [g, we get 



(4.54) 



(r, a) {C;-^^ (a, ; r) , ^M(,) (r, 0^2)} = 

= -e(a)(d)(fe){^Ws(d)(r, a), ^M(3)(r, ^2)}C(6Xc)(o', 0^1; 



= -e{a){d){f){^^s{d){r, a), ^e„(r, o'2)}C(/ic)(o', 0^1; r). (4.55) 

Then Eqs.(3.19) of Ref. fl]], ( [4.17|) and (|4.27|) imply the following transformation properties 
under rotations and space pseudo-diffeomorphisms of the Green function of the SO (3) co- 
variant divergence (which we do not know how to verify explicitly due to the path-ordering 
contained in it) 



i07pQj. ^j^g sake of simplicity we do not consider the r-dependence. 

i08j£ (5/(5^'' (^) is interpreted as the directional functional derivative along 7. 



67 



{C{:i;)(^,^i;r), 'M(,)(r,a2)} 



d 



(w)s 



- C(a)(a)i^^ ^2; r) ^^.(/)(r, ^2) C(n(M(0'2, (Ti; 1" 



(4.56) 

Collecting all previous results, we obtain the following form for the Dirac Hamiltonian 
( p.58| ) of scenario b) on WSW hypersurfaces with A^B(r) = 



{D)ADM 



- A^(r)[e(oo) - Padm] + ^f{'T)PADM = 



9^ . 



'9a 



- A^(r)[e(oo) - -PIda/] + ^f{'T)PADM 



if) d^r 

jf _ 
ADM — 

d^a [nU + rii^a) ^e[„) ^ + 

+ A„7f" + A"„)7r(;j) + >\a)^la) + /^W^rfa)] > o') 

- A^(r)[e(oo) - Padm] + ^f{'T)PADM-> 



(a) 



r, cr 



(4.57) 



where are new Dirac multipliers. 

The phase space action, which usually is incorrectly written without the primary con- 



straints, is 



S 



drdPa 



+ Ar(r)[e(oo) - Padm] " ^f{'T)PADM = 



[r, a) + 



drd^a 



- A„^" - Af„)^f„) - Af„)^g) - ka) {r, a) + 



i09We have 
Eq.(|238D. 



(a) \a) 



n 



7r| modulo ^M/fj^\ 0, see Eqs.( ^.ll ) and after 
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+ -^r(7")[e(oo) - PaDm] - '^f{T)PADM " 



(4.58) 



In conclusion the 18- dimensional phase space spanned by ^e(a)r and ^7f|^^-, has a global 
(since ^ i?^) canonical basis, in which 12 variables are vr^^-) ^ 0, SJ' , vr^ ~ 0. The 
remaining 6 variables, hidden in the reduced quantities ^e(a)r, ^^(a)5 3 pairs of conjugate 
Dirac's observables with respect to the gauge transformations in Q^, namely they are in- 
variant under Abelianized rotations and space pseudo-diffeomorphisms connected with 
the identity and obtainable as a succession of infinitesimal gauge transformations. However, 
since space pseudo-diffeomorphisms connect different charts in the atlas of and since 
^^(r, a) = means to choose as origin of space pseudo-diffeomorphisms an arbitrary chart, 
the functional form of the Dirac's observables will depend on the chart chosen as origin. 
This will reflect itself in the freedom of how to parametrize the reduced cotriad ^e(a)r(T, a) in 
terms of only 3 independent functions: in each chart 'c' they will be denoted Q^^\t, a) and, 
if 'c-t-dc' is a new chart connected to 'c' by an infinitesimal space pseudo-diffeomorphism of 
parameters ^(r, a), then we will have QI'^^''''^\t, a) = ^^Q^f'' Q^f' (t, ^ [t, a)). 

The invariants under pseudo-diffeomorphisms of a Riemannian 3-manifold (S,-, ^g) (no 
explicit basis is known for them), can be expressed in every chart 'c' as functionals of the 3 
independent functions Q^^''(r, a). Therefore, these 3 functions give a local coordinatization 



of the space of 3-geometries {superspace or moduli space) RiemTjr / Dif f Il35| , |52 



By using Eqs.(03) and (4.48) in the Hamiltonian expressions of the 4-tensors, we could 



get the most important 4-tensors on the pseudo- Riemannian 4-manifold (M^, ^g) expressed 
in terms of A^, ra, vr'^ ^ 0, 7r"^-j ^ 0, vr^^ ^ 0, vr^ ~ 0, and of the (non canonically 

^(a) 



conjugate) Dirac's observables with respect to the action of Qr , i.e. ^e(a)r^ ^'^(a) 



rest-frame instant form of tetrad gravity. If we could extract from ^e(a)r, ^^(a)? Dirac 



■(«)' 

observables with respect to the gauge transformations generated by the superhamiltonian 
constraint Ti.{T,a) ~ 0, then we could express all 4-tensors in terms of these final Dirac 
observables (the independent Cauchy data of tetrad gravity), of the gauge variables n, n(^a), 
C((a), C and of the gauge variable associated with H{t, a) ~ 0, when all the constraints are 
satisfied. Therefore, we would get not only a chart-dependent expression of the 4-metrics 
^g G RiemM"^, but also of the 4- geometries in RiemM^/Diff M"^. 

In the next Section we shall study the simplest charts of the atlas of S^, namely the 
3-orthogonal ones. 



^^'^And, therefore, weakly invariant under the original rotations and space pseudo- 
diffeomorphisms. 
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V. QUASI-SHANMUGADHASAN CANONICAL TRANSFORMATION TO THE 

3-ORTHOGONAL GAUGES. 



In this Section we shall identify a Shanmugadhasan canonical transformation to a canon- 
ical basis adapted to 13 of the 14 first class constraints This canonical basis will then 
be specialized to 3-orthogonal coordinates for E,-. 



The quasi-Shanmugadhasan canonical transformation |TT|] Abelianizing the rota- 
tion and pseudo-diffeomorphism constraints ^M(Q)(r, a) ~ 0, ^6r(r, a) ~ 0, will send 
the canonical basis ^e(a)r(T", o^), ^^[a)(''"' T*Ce in a new basis whose conjugate 
pairs are (^a(a)('r, a), 7f(^-)(r, a) ^ 0^, (^^''(r, cr), 7f^(r, a) ^ 0^ for the gauge sector and 

{Qr{T, ct), n'"(r, a)^ for the sector of Dirac observables. 

Therefore, we must parametrize the Dirac observables ^e(a)r(T, a) in terms of three func- 
tions Qr{T,a), ^e(a)r(T, 0^) = ^6(0)^ [t, CT, (t, c?)] , and then find how the Dirac observables 
^7f(^) (r,(T) are expressible in terms of Qr{T,a), ir{T,a), 7f^(r, a), 7f^j(r, a) Since from 
Eqs. (1^451 ) we get 



^grs{T, a) = ^e(a),.(r, a) ^e^a)s{r, a) = ^e^a)r{r, a) ^e(a)^(r, a) = 

= — Q^. — e(a)„[r,^(r, a), Q^(r, ^(r, (x))] 

^e(a)^[r,f(r,CT),Q^(r,f(r,a))] = 



9(7^ So-* 



fi-^f?-, ^(t^, o"), <5«;(r, ^(r, a))], (5.1) 



the new metric ^^™(t, ^) must depend only on the functions Qwi^^O- This shows that the 
parametrization of ^e(a)r(T, a) will depend on the chosen system of coordinates, which will be 

declared the origin ^(r, a) = cr of pseudo-diffeomorphisms from the given chart. Therefore, 
each Dirac observable 3-metric ^guv is an element of De Witt superspace for Riemannian 
3-manifolds: it defines a 3-geometry on S,-. 

The simplest global systems of coordinates on ^ R^, where to learn how to construct 
the quasi-Shanmugadhasan canonical transformation, are the 3-orthogonal ones, in which 
^cjuv is diagonal. In it we have the parametrization 



^e{a)r(T, (?) = 5(a)rQriT,a), 



3;^r / _ "(a) 



Qr{T, a) 

grsiT,a) = SrsQlir, a), 



In paper II there was a preliminary attempt to find this canonical transformation, which was 
subsequently reaUzed to be wrong. 

^^'^ Quasi- because we are not including the superhamiltonian constraint ?Y(r, a) ^ 0. 
^^■^They cannot depend on a((j)(T, ci), (,r{T,'^)i because they are Dirac observables. 
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- 2e[N^as)r + n^drda^ - ^Ql^^)^da^da' = 

= e[[N^as) + n]\dTf - SuAQu^da' + ^(A^(as)r + nr)dT] 

[Q^^sd^' + ^^^(^M^ + ^^)^^]' (5-2) 

with Qr{T,a) = 1 + hr{T, a) > to avoid singularities. The 3 functions Q^(r, a) give a 
local parametrization of superspace; the presence of singularities in superspace depends on 
the boundary conditions for Qr{T,a), i.e. on the possible existence of stability subgroups 
(isometries) of the group Q of gauge transformations, which we assume to be absent if a 
suitable weighted Sobolev space is chosen for cotriads. 

The choice of the parametrization of ^e(^a)r is equivalent to the coordinate conditions of 

Refs. mm n 



^^^The 3-orthogonal gauges could be implemented with three gauge-fixing constraints of the type 
'^9rs{T,ff) = '^e(a)r(T, (?) ^e(a)s(r, a) « for r 7^ s. They would replace our Shanmugadhasan- 
oriented constraints ^^(r, a) — a ~ 0, but the information about the parametrization would remain 
implicit. 

iiSpQj. instance one would like to have a parametrization of the cotriads ^ei^^y corresponding 
to 3-normal coordinates around the point {r, a = 0} G S,-. Cartan |95,^| showed that, given 



Riemann normal coordinates at p E M [y^\p = 0], one can choose adapted orthonormal frames 
and coframes = ^E^^^^ {y)d / ^y^' , = ^El^^^''\y)dy'' , obtained from ^^^J^jV = 

S^^^-^d/dy^, ^0(^)(")|p = d^/i'^dy^, by parallel transport along the geodesic arcs originating at p. 
Then one has the following properties 



iQ{N)i.) ^ + yPy- Nf^p^^iy) dy% 

^lJ.pa\ ^pfiaX ^ppXa- 



These 4-coordinates are important for the free fall ofeseraer description of phenomena, but are diffi- 
cult to identify in the canonical approach, which privileges 3-coordinates and rebuilds 4-coordinates 
only a posteriori after a complete fixation of the Hamiltonian gauge and restriction to the solutions 
of Einstein equations. 

Since normal coordinates are the most natural from a differential geometric point of view, let us 
look for a parametrization, in such a system of 3-coordinates, of the Dirac observables ^e(„)r(T, it) 

on St- in terms of 3 real functions Qrir, <?), whose conjugate momenta will be denoted 11 (r, a). The 
previous equation gives the Cartan definition of orthonormal tetrads adapted to normal coordinates 
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Eqs.( [4.45D , rewritten in the form 



da"- 



^e(b)s(r, ^(r, a), Qu{t, ^{t, a)], 



(5.3) 



define a point canonical trasformation, in which the configuration variables transform in the 
following way 



C Qr 



We have now to find the second half of this canonical transformation, namely 









nH^ 0) 





(5.4) 



(5.5) 



For the cotriad canonical momentum we have [see Eq.( |4.48| )] 



^^{a)i^,^) = ^%)(fe)(«(e)(l-, ^)) I 



5e(r,a),9a'-(0 



da 



^^J'„)(r,a|a(e),r,Q„ff] + 



+ J rfViF(;)(f,)(a,ai;r|a(e),r,Q«,n'] 7rffe)(r,ai) + 
+ / rfViq:)(a,ai;r|a(,),r,Qs,ff] ^!(r,ai), 



(5.6) 



with 



for Lorentzian 4-manifolds. This suggests that for Riemannian 3- manifolds like S,-, to get 3- normal 
coordinates geodesic at the point = we have to parametrize the reduced cotriads ^e(a).r(T, a) as 
follows 

^e(a)r(T, a) = (5(a) [5rs + ^ ^run^svn 

cr''cr''Qn{T, a)] 

n 

=^ ^e(a)r(r , (t) O-'" = 6(^a)r , 



with NsurviT,a) = J2n^sunervnQniT,a) = -Nusrv{r,a) = -Nsuvr{T,d) = Nrvsu{T,a). Then oue 
gets 

^9rs{T, a) = ^e(a)^(r, a) ^e(„)s(T, a) = 6rs + 

+ Qn{T, a))Qn{r,a)-Y^ ^run^svm a^a'^Qnir, (j)Qm{T, a)]. 
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(e) " 



q:)(a,c?i;r|«(,),r,Q.,ff] = ..e.^- (5.7) 



The last equality in Eg. ( |5.6| ) is a priori a strong equality in the sense of Dirac: powers of 
the constraints are ineffective near the constraint hypersurface. However, since the canonical 
transformation is a point one, the old momenta depend linearly upon the new ones, so that 
the strong equality sign may be replaced with an ordinary equality sign. Indeed, if in a phase 
space with canonical Darboux basis q\ pi, we make a point canonical transformation q^,pi ^ 
Q\Pi with = [whose inverse is = and Pi = Pi{Q,P), then the canonic- 

ity conditions 6} = {q\p,},p = {qKQ),PjiQ, P)}qp = Ek^^^^f^ imply Pj{Q,P) = 
Sfc ^%r^lg=g(Q) Pk + Fj{Q); moreover, from = {pi,Pj}q,p = {piiQ, P),PjiQ, P)}q,p we get 
Fi{Q) = ^^^§^\g=giQ)- In what follows we shall put F{Q) = 0, since this corresponds to a 
so called trivial phase canonical transformation. 

Let us see what we can say about the dependence of the momenta ^T^^a) i^^ ^) upon the 

Abelianized constraints 7r(^)(r, a) ~ 0, 7r^(r, a) ~ 0. 

Since the rotation constraints ^M{a) = e{a)(fe)(c) ^e^by ^Tcfc) = |e(a){6){c) ^^(fe)(c) may be 
written as 

^M(a){6) = ^e(a)r ^Vrl^fe) - ^e^b)r ^T^la) = e(a)(b)(c) = -e(a)(6)(c) vf "rf) (Q;(e) ) ^ 0, 

(5.8) 

due to Eqs.( |4.3l"D , we may extract the following dependence of ^vf[(j)(T, a) on vr(^)(T, a) 



3~r 3^r 3„ 3~s 



^ 3„r 3~s I 3„ 3~s \ 



2 

"^iir ~ (y. T) ( \ J 

def3~(M)r ^ 3 r -a d i \ 



with 



3^(M) 



^{a)(fe) 

(M)r 
(a)(6)s 



{M)r 3--S 



V 3^r _ ■ST^ p(J' 

V 3^ 3~s I 3^ 3~s 

^{6){a) = e(a)s 77(6) + e(b)s 71^(a)5 



9 ^^(c) ("e(a),^(c)(6) + "e(c),(i"(a)(fe) j , P(a){c)u P{c){b)s = P(a){V) 



,5, 



p, 



(M)r p(M)u 



P, 



{M)r 



(5.9) 
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Let us note that, due to the projector -P(^j)^f,)s(T, c?), ^7f|^-'''(r, (?) is a solution of the 
rotation constraints ^M(a)(r, a) ~ 0. However, it is not known the dependence of '^t^]^^''^ (t, a) 
upon 7f^(r, a). 

To extract the dependence of ^vf ("^^ (r, a) on 7f^(r, a), let us recall Eqs. (|2.11|) , ( [1.31| ), (f4.39|) 
and (ICTI ) 



-'e[.)(r,a) 
-'e[,)(r, a) 



3^r 
3 



~5 1 _ p 



77r| - (5(fc)(c)(a(e)) ^UJr(c 



3^(T)'-/ 



TT 



3„s 



e(b)['^, 0-1; 



9a 



id) 



-daf 



TT 



(^,0^1), 



(a)(6). 



(5.10) 



We have introduced the projector P(a)(b)s(^^ satisfying 



P(a){c)si^^^'i'^'^)- ^'^is second presentation we 



have privileged the solution ^vr|J)^'^(r, a) of the constraints 7ll(a)(r, a) ^ 0. However, it is not 

known how ^tt^^)^{t, a) depends upon 7f(^-)(r, a). 

Eqs.( |5.9| ) and ( ^.10| ) show: i) that the dependence of the old momenta upon the Abelian- 
ized constraints is linear; ii) but also that the non-commutativity of the two projectors 
P(^j^),^^(r, a), (t, c?) is an obstruction to the determination of the kernels -F(a)(6), G^^^ 



of Eqs.( ^.6|) starting from these equations. 

Therefore, let us come back to Eqs.(pT7|) and let us use the point nature of the canonical 
transformation 



e(a)r 



3^r 



«(a) 


e 


Qr 


-TT ° 







{a(a)(r, a),7r"fe)(r,CT')} = S(^a)ib)S'-^{a, a), 
{r(r,a),vff(r,a')} = {Q,{t, a),W{T,a')} = 6:6'{a,a') 



{^e(^a)r{r, a),a(fc)(r, a)} = {^e(ay (r, a), ^,(r, a)} 
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= {^e(„),,(r, a), Q^(r, a')} = 0, 



d ai[{ e(a)r(r, a),7r"^)(r,CTi)}{a(c)(r,ai), vr(b)(r, a )} + 

+ {^e(,),(r, a), ^{(r, ai)}{e"(^, ^i), ^')} + 

+ {^e(„),(r, a), n"(r, ai)}{g„(r, CTi), 37^(^^)(r, a')} 



+ 



5<5«(r,CTi) 5n"(r,ai) 
The two equations defining the kernels may be rewritten in the following form 



(57f i(r, (Ti) 
{r(r,ai),^7f[,)(r,a)}|^. 



(5.11) 



(5.12) 



where in both the final expressions there is no more the restriction vr|^j(r, a) = vr^(r, a) = 
due to the point nature of the canonical transformation. Therefore, Eq. (|5.6| ) becomes 



+ j £ai {a, (Ti; r) ^f^) (r, CTi) + 

+ 5:/dViq:)(a,ai;r)^{(r,aO, 



with 



-^(a)(fe)(^>'?i;^) = ^{a){b)i^,^l','^\0i{e),C,Qs\, 

Gla){ff,^i;'r) = Gl^^{a , ai; T\a(e), C , Qs\- 
This equation and the point nature of the canonical transformation imply 

Sfl''{T,ai) (5n"(r, CTi) 
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(5.13) 



def 



(5.14) 



In conclusion the quasi- Shanmugadhasan canonical transformation is defined by 







«(a) 




Qr 








r 





^e^a)r{r, a) = 2%)(6)(a(e)(r, a)) — — ^e(6)s(r, f(r, a), Q„(t, ^(t, a)], 



+ / dVi (o^, ai; r) vff^^ (r, ai) + 



+ 



+ 



j d^<^i q^") {a, ai; r) 7r«(T, ^i), 



(5.15) 



where the kernels 



^{o)« , <?! ; '^) = ^L)w ; I a;(e) , C Qs] 



6Qu{t, ai) 



(5.16) 



are the matrix elements of the inverse of the Jacobian matrix of the point canonical trans- 
formation 



(5^e(„)^(r, a) 



S^e(a)r{T, a) 

(5e(T, a^) 



S (CT,<Ti)[i7(c)(Q;(e)(T, ct)) i?(Q;(e) (t, ct)) 

E — ^^i;^ — o^b)uQu{r: ^{r, a)) 



(a)(6) 



= 5 (ct, (Ti)e(a)(„)(d)A(d)(c)(Q;(e)(T, ct)) -R(n)(m) (^(e) ('T', ^)) 

= ^-R(a)(n)(a(e)(T, o")) 
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da"- 



with 



da"- 



'S^e^ayrir, a) 



+ ... a„ r) + ^^j;^ !C,,,Mu ^2, r)} . 



(5.17) 



Even if Eqs.( ^.9|) and (|5.1CI| ) give the solution of the constraints ^M(a)(r, a) ^ and 
7i(a)(r, a) ~ respectively, their non-zero Poisson brackets imply the necessity to solve 
these equations for the kernels to find the connection of the old momenta with the Abelian- 
ized ones. 

By comparing Eq.( |5.15| ) with Eqs.(|5.8|), ( [5.9| ) and ( p.lQ ) we get 



IT 



3;;^{T)'"/ 



TT 



4 



;(a){b){c) 



- J d ai[ e(„)^(r, a) - e(fey (r, a) ^(^^(^^j 

f« 0, 



^^^See Eqs.( 2!T^ ) for the Poisson bracket of ^-^j-^) and '^0,.: from it we can deduce the quoted 
Poisson brackets. 
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- E / ,),(r, a) a^; r) fr|(r, a,) ^ 0, (5.18) 

namely that the momenta '^T^\a) i.'^i ^) simultaneously weak solutions of the constraints 
^M(a)(r, a) ~ and 'H(a)ij) c?) ~ and, then, also of ^Or(T, cr) ~ 0. Therefore, the Einstein 
equations ^Girir^a) = Q (see after Eq.(AlO) of Ref. [|I|) are satisfied, if the kernels /C^'^^^, 
solutions of the last line of Eqs. (|5.17|) , also satisfy these equations. Since in every gauge (like 
the 3-orthogonal ones) Eqs.( 5.l7| ) will turn out to be linear homogeneous and inhomogeneous 
partial differential equations (see Eqs. (|5.23|) for the 3-orthogonal gauges), their solution will 
depend on arbitrary functions: the solutions of the homogeneous equations associated to 
the inhomogeneous ones. Eqs.( p.l^ ) are restrictions on these arbitrary functions. 

The class of 3-orthogonal gauges is defined by putting 7f^-)(r, a) = 7r^(r, a) = 0, by 
adding the gauge fixings ^''(r, a) — a'^ = 0, Q;(a)(T, a) = and by parametrizing the reduced 
cotriad ^e(a)r(r, as in Eq. (|5.2|) . 

In these gauges Eq.( |5.17D becomes 

^^e(a)r(T, ^) | . ^, ^..3.^^. 
7 ^Is-O = (^{a){c){b)0{c)rQr{r,a)d {(J,ai), 

oa{b)[T, (Jij 



^777 — ^^k-o = (>(a)rdrud {a,ai), (5.19) 

and we have to solve the following equations for the kernels restricted to these gauges 
6^{a,ai)5(a){b)K = e(a)(d)(c)'5(d)rQr(i", o')F(j,)(c)(ai, <?; r) + 

+ ^W'- ^) + ^{a)uQu{r , a)^G(^)(ai, ct; r), 

Gla)i^,ffi;r) = G(^)3_o(CT,ai;r|Q^], 

f^Uui^, ^i;r)= -^(a)„3-o(o'> ^1; 'r\Qv]- (5.20) 
In Eqs.( p.20| ) we must separate the cases a = r and a ^ r. 

To select a = r let us multiply Eqs.( p.2(l| ) by 6(a)r and then let us sum over (a). If we 
make the substitutions s\-^r,ri^u, b\-^a in the final expression, we get 
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- Qui^^ ^) —. g^y <^(a)(^l. V- 



(5.21) 



To select a 7^ r, with the antisymmetry a ^ r, let us multiply Eqs.( |5.20| ) by 
J2{m) ^ia)(m)(d)S{m)r and then let us sum over (a). If we make the substitutions 6 i-h> a, 
(i 6 at the end of the calculations, we get the result that each F^a){b) '^^^ t)e expressed in 
two different ways in terms of the G's 

(1 - 5(b),.) t) = 6(a)(r)(fe)5' g^^p'^j " 



4 



2-^{a)(fe)(o'i,o'; r) = e(a)(^)(fe) 



5'(c?i,cr) 



O") 

g.(r,a) aG^:)(ai,a;r) 
Qr{T,a) da'' 



(5.22) 



As a consequence the G^^^'s are determined by the following linear partial differential 
equations |^ 



(53((ji,a 



Z^^(«){n)(6)- 



Qr2(T, ^] 



){r-2)(f') 



1 dGl]{a,,a-r) 



+ 



1 dG';:]ia,,a; 



Q2^(r,a) da'-- 



r2 



+ 



Qri (r, a) (r, a) Q2 (^^^ ^) g^^ ^) 



5=^(ai,a), 



^^''For 6 = r the following equations give = 0. 

"^n,'r2 7^ 6, ri / e(a)(ri)(fe) = -^{a)r2Hri){r2){b)j ^{a){r2){b) = '^(a)ri e(ri)(r2)(fe) ! e(«){ri){fe) = 

-^(u)r2^{ri){r2)ib), e(«)(r2)(6) = "^Hn e(ri)(r2){6) ! Qr = V^9rr- 
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1) s = a homogeneous equations 



Qf(r,(T) da^ ^ QUr,a) da^ 

Qi(r,(T) Qf(r,(T) Sa^ 

2) s 7^ a [s 7^ r, r 7^ a] in-homogeneous equations : 



1 dGi:^{a,,a;T) _^ 1 9q:)(ai,a;r) 



Q2(r,a) da- Qlir,a) da- 



Ql{T,a) da- Ql{T,a) da^ Qa{T,a)Ql{T,a) 

Each set of homogeneous equations, considered as equations for functions of a and disre- 
garding the r-dependence, is of the form a2(a)c?2 +ai(a)9i M(2)(a) = a3((T)(93 U(2)((?) + 
a2{a)d2U(3){a) = ai{a)diU{^){a) + a^{a)d2,U{i){a) = [a^ = Ql"^]. This is a system of 
three hnear partial differential equations for the three unknown functions of elliptic 
type, since the determinant of its characteristic matrix is 2ai(a)a2(a)a3((T)^i^2^3 7^ 0. 
Moreover it is integrable, since M(r)((?) = /(r)(c'') with arbitrary /(r) are solutions of the 
system. We do not know whether they exhaust all the possible solutions. Therefore, 
G"^)(c?i, a; r) = a'"; r), with h^^-^ arbitrary functions, are solutions of the homoge- 
neous equations. 

As a consequence, if (5^^-)(c?i, a; r), r 7^ a, is a particular solution of each 
set of inhomogeneous equations ( |5.23| ), then the general solution is (^(^-((ai, a; r) = 
G™)((Ji, a; r) + g^^-^(ai,a]T), r a, with the g^a)^s arbitrary homogeneous solu- 
tions (again with (yf^^^(ai, a' ; r), if this is the most general solution of the associ- 
ated homogeneous equations). A way to find a particular solution may be to de- 
fine Gj"^)(c?;r) = J d^ai f{ai)G-(^^{ai,a;T): then, disregarding the r-dependence, we 
get the system of elliptic linear partial differential equations [a^ = Q~^, s 7^ r, a, 
r ^ a] as{a)dsG}\,){a) + aria)drG%){a) = a,(a)a, + a,(a)9, = , 



0'a{^)daGY(^^-j{a) + as{a)dsGj-^-^{a) = f{a)/^aa{a)as{a). Each particular solution of this 
system which is a functional linear in f{a) will allow to find a particular solution G^^^. 

Therefore the kernels (^^^^(ai, a; r) solutions of Eqs. (|5.23|) can be written in the following 
form 

G\:^{a,, a- t) = Sl^h'^^iau a; r) + (1 - 5[,))[Gg")(ai, a; r) + g^^{a,, a; r)], (5.24) 



with arbitrary /i(^)'s and 5'(^)'s. Then, Eq( p.21| ) gives the following expression for the kernels 
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So-" 



+ 



E r) + (1 - 5[.))[GS(ai, a; r) + ^[■^^(ai, a; r)]). (5.25) 



The solutions of Eqs.( |5.23| ) for the G(")'s are restricted by the requirement that the 



^la)u^ of Eqs. ( 15.21]) satisfy Eqs. (|5.18| ), which in the 3-orthogonal gauges become 
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a,cri;rl 



dQu{T, ai 



— — 



+ 



y 

0, a ^ 



Q,(r, a)G'^,^)(a, ai; r) - Qfe(r, a)Gj::)(a, ai; r 



= (S(a){b)dr + ^{S(a)rS{b)u — ^(a)M^(fc)r) 



Slb)S{b)J^{^,^i) 



^^r(a)(r, a) = XI ^(a 



E T^v G(fe)(a,cri,r) = 0, 



){m)(n) '^(m)r'^(n)-u 



SfTl' 

duQrir, a) 



Quir, a) 



(5.26) 



The first set of Eqs.( |5.26D becomes the following set of three linear partial differential 



equations to get the g\a)^ with a 7^ 6 in terms of the G 



(a) 



Qa{'r,ai)- 



Qb{r, ffi)- 



So-" 



+ 



+ E ^^^^^^mr, a,)g1^){a^, a- r) - Q^ir, a^)g'^){a,, a; r)] 



dGf-){a^,cr;T) dG\:^{a^,a;T) 



So-" 



Qb{r, ai)- 



(9cr" 



+ E ^^^^^%P^mr, ai)Gf,^)(ai, a; r) - Q,(r, ai)Gg)(ai, a; r)] 
= m^fe(ai,cT;r), 



^^^In the last line we give ^tJj,(a) (t, c?) in the 3-orthogonal gauges, see Eq.( |6.14 ) of next Section 
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or 



da- 4- 



(9/ng„(r,a) ^ 



with 



fabi^u r) = Qa{T, ai)g1^^{ai, a; r) - Qb{T, a; r). 



(5.27) 



For each pair a ^ b, this is a system of three elhptic hnear partial differential equations for 
the Z^^. Each choice of the g^^^s, a ^ h, which gives a solution of this system, implies that 
the associated kernels /C^'^-j^'s satisfy the rotation constraints. 

Having found a solution for the (yf^^ys, a 7^ 6, the second set of Eqs.( ^.26D becomes the 
following set of equations for the h^a)^ terms of the G^^^'s and g'[^)^ 



r,{6) 



qu{T, a) 



-(l-5(6))(g«(r,a)[- ^'^^ ■ '''' 



+ 



+ 



(5.28) 



By using the Green function of Eqs. (|4.27|) , ( [4.30|) , we get (/(5^) are solutions of the 
homogeneous equation) 



r 



/(T)(^i)^; r) 



dlnQ^{T,a) ^ 
E g,. ^.)(c^i,^;r) 



/ ^^-2 E 4t)(^i, -2; r) E -2) 5) - 



+ 



-(l-5^,))(Q„(r,a)[ 
+ E ^^^^|^[q.V^2, a; r) + ^[,^)(a2, a; r)] 



(5.29) 



Again this is a system of elliptic linear partial differential equations for the h^^^ 's with fixed 



a. 



Finally, we have to find the conditions imposed on the kernels by the vanishing of the 
Poisson brackets of the old momenta thought as functions of the new variables through 
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Eq.( |5.15|) : {^7f('^-)(r, a), ^7f^^j(r, ct')} = 0. It turns out that we get the following quasi-linear 
partial differential equations for the remaining arbitrariness in the homogeneous solutions 
[the kernels F^^^^^^^'s are given in Eqs.( |5.22|) ]: 



0, 



Jj. in 3-orthogonal gauges 

? ('=">"<^ • "^-^ ^' ^a,(r.g.) - '=<")"<^- ^' ) = 

After having found the general solutions for the kernels G(a)'s, /C(q)„'s and F(^)(-j,)'s, every 
remaining arbitrariness will be fixed by the boundary conditions at spatial infinity, which 
must be the ones given in Eqs.( |2.25| ) for the momenta ^vf[a)(T, a), as implied by Eqs.( p.l5| ). 
The final solutions are equivalent not only to the solution of the rotation and diffeomorphisms 
constraints, but also to their Abelianization in the 3-orthogonal gauges with a(a)(T, 5) = 0. 
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Even if we do not know explicitly the kernels /C(a)u we are able to get the following 
decomposition of the original variables in the 3-orthogonal gauges 



E/^'^i^(a)n(^,^i;^ia]n"(r,ai) 

= J2[ rfVi/C[,),(a,ai;r)n"(r,ai)- 
From Eqs.(^ we get pe = ^7 = Q1Q2Q3] 



(5.31) 



E 



eAirGQrQsQu^^ x x x 3~u 1 



c'QlQ2Q3 



o, 



,3 



6 471^ 



e c 



Qr 



+ 



J\S 3z-r I 
\a) %)l3-0 



(5.32) 



The first line allows to get dr^grs{'T,(^) in terms of lapse, shift functions and the final 
variables by using Eq. (|2.12|) . 

With the canonical transformation ( p.ll| ) the functions '^rjfg, ^Rrsuv, ^^^T{a), ^^rs(a) and, 
by using Eqs.( |2.l2D , ^K^s (and also the metric ADM momentum ^11''* of Eq.( ^.12[ )) may now 
be expressed in terms of a (a), vr^^-), vr^, Qr, H^. 

Instead the inverse canonical transformation cannot be computed explicitly till when one 
does not understand how to solve Eqs.( [4.5l| ). If the solution 'C'^pe(c)s] of this equation would 
be known, then with Q;(a)pe(c)s], given by Eq. ( |4.33| ), we implicitly would get from Eqs.( |5.3| ), 
^ with the 3-orthogonal parametrization of the reduced cotriad |^ 



Qr{r, a) 



{6){a)(a(e)J 





« 3 \ 







.(,)J(r,a(r,n)- 



(5.33) 



Then Eqs.( p.l5| ) could be inverted to get Il"pe(a)r, ^tt^^-jJ 



Let us remark that if instead of the parametrization { f).2\j corresponding to the choice 
of 3-orthogonal coordinates for Y,(y^^^) we had made a different choice of 3-coordinates 
(for instance the 3-normal ones), we would have obtained a different quasi-Shanmugadhasan 
canonical transformation 



"The solution of Eqs.(5.23), ( 5.26| ) is equivalent to solve the three Einstein equations correspond- 
ing to the supermomentum constraints of metric gravity; the separate solution of the rotation and 
difFeomorphism constraints of tetrad gravity is not enough to find their simultaneous Abelianiza- 
tion: this implies Eqs.( |5.26|) . 
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a{T, ^") is the inverse of = ^''(r, a). 
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3^r 







Qr 









(5.34) 



with ^T^la) given by Eq. (|5.15| ) with difFerent kernels. 

Since there is no canonical identity for pseudo-diffeomorphisms and since the rotations 
do not have zero Poisson brackets with them, in general the point canonical transformation 
connecting Eqs. (|5.11| ) and (|5.34| ) will require a redefinition of both the parameters of pseudo- 
diffeomorphisms and of the angles: 



a 



(a) 



(5.35) 



From Eqs.( J2.55| ) and (|5.2|) the asymptotic behaviour at spatial infinity of the canonical 
variables Qr, 11^ parametrizing the phase space over superspace (the space of 3-geometries) 
is 



Qr{r, 
n7r, a) 



,l + ^ + 0(r-=^/2) 
.0(r 



-2\ 



(5.36) 



since a(a)(r,CT)^r-»ooO(r (^+')). 

The only non-Abelianized constraint is now the superhamiltonian one given in Eq. ( p.ll| ) . 
Its expression in the 3-orthogonal gauges is 



H(r,a) 



c-^ 2-kG 1 

3^3p f^i^ 3^ 3^ 3~r 3^ 3~s 1/ -!\ 



IQtxG 

3 



e c 



[QiQ2Qz'R 



r, a 



c3 {QxQ2Qz\{j,d\ 



+ 

+ 5:/rfViq«)(a,ai;r)^«(r,ai) 

5(c). [E / c?V2/C^rf),(c?,a2;r)fl"(r,a2) + 
+ y" rfV2Ff^)(„)(a, ^2; r)^f„)(r, ^2) + 
+ E / ^'^2^^:;) (a, a2; r) ^|(r, 0^2) 

^—orth. gauge, 



T-(-RiT, a) 



e c 

IGnG 



Q1Q2Q3 



e2'KG 



r,(T 



c3 [QiQ2Qz]{r, a) 



^Go(a)ib)ic)(d) "^[QrQslir, a) 
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J2^i^)r^ic)s / c?Vi/C(b)„(a,<Ti;r)n"(r,CTi) / ^^2/0(^)^(0^, 0^2; r) ft'' (r, ^2). 

(5.37) 
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VI. A NEW CANONICAL BASIS AND THE SUPERHAMILTONIAN 
CONSTRAINT AS THE LICHNEROWICZ EQUATION IN THE 
3-ORTHOGONAL GAUGES. 



We shall now look at tetrad gravity in the quasi- Shanmugadhasan canonical basis of 
Eq.( ^.ll|) associated with 3-orthogonal coordinates on the WSW hypersurfaces S^^"^^), 
namely in the 3-orthogonal gauges of Eg. ( ^.21) . We shall study in more detail the six gauge 
fixings on the gauge variables a(a)(T, CiT, a) needed to get this gauge. Then we shall give 
a more convenient canonical basis for the superspace sector and finally we shall show how the 
superhamiltonian constraint becomes the reduced Lichnerowicz equation. Also the gauge 
fixing on the last gauge variable, replacing the maximal slicing condition of the conformal 
approach, will be studied. 

A. The Gauge-Fixings for the 3-Orthogonal Gauges. 

Let us study the phase space spanned by the canonical coordinates n, vr" ^ 0, n(a), 

^fa) ~ 0; V^(a)' '^'{a) ~ ^ (^^^ spacetime description), and Qr, (for the superspace of 
3-geometries) . 

Let us add the gauge-fixing constraints on the boost parameters 
V5(a)(r, a) ^ 0, 

^rV5(a)(r, B) = W{a)ir, a), H{d)adm} = A('„)(r, a) ^ 0, (6.1) 

namely let us restrict to the surface-forming timelike congruence of the Eulerian observers 
at rest on 

Since there is no canonical origin in the group of pseudo-diffeomorphisms and since 
rotations do not have zero Poisson bracket with them, we shall make the convention that in 
the canonical basis ( ^.11|) the 3-orthogonal gauges corresponding to Eqs. (|5l^) are identified 
by the gauge fixings 

r(r,a)-a'^^0, 

a(,)(r,a)^0. (6.2) 

The gauge fixings ^^(r, c?) — cr'' ~ are equivalent to the statement that a 3-orthogonal co- 
ordinate system a is chosen as reference origin for the pseudo-diffeomorphisms parametrized 
by the ^'^'s, while the gauge fixings a(a)(T, a) ^ say that in the associated S0(3)-principal 
frame bundle over Yj^^^'^) with these coordinates we choose the identity cross-section as an 
origin for the rotations parametrized by the 's A different 3-orthogonal gauge can be 
defined by changing the convention ( |6.2| ) to ^'"(r, a) — /'"(r, a) ~ 0, a(a)(T, c?) — (7(a)(r, a) ~ 
for given functions and But this would only correspond to make a point canon- 
ical transformation from the basis (|5.11|) to a new basis with the same Qr and with 



^^^Definition of the standard of non rotation of the coordinates in each point. 
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«(a) ^ «(a) = «(a) " 5'(a), C ^ C ^ = C ~ (ill this Way one could obtain rotating 
3-ortliogonal gauges). 

The meaning of the previous gauge fixings is to restrict the Cauchy data of cotriads on 
•£(wsw) eliminating the gauge degrees of freedom of boosts, rotations and space pseudo- 
diffeomorphisms, i.e. by restricting ourselves to 3-orthogonal coordinates on and 

by having made the choice of the S[^'^^)-adapted tetrads "^j.^-^E ^^-^ as the reference non- 
geodesic congruence of timelike Eulerian nonrotating observers with 4- velocity field /^(r, a). 
By remembering Eqs.( |4.3l] ), ( [4.38|) and (|5.11| ), the Dirac brackets are strongly equal to 



{A{r,a) , B{T,a')Y = {A{r,a),B{T,a')] + 

+ j Sai[{A{T, a),a(„)(r, ai)}{^J)(r, ai),5(r, a)} - 

- {A{t, a), 7rf^)(r, ai)}{a(a)(r, ai), B{t, a)} + 
+ {A{t, a), r(r, ai)}{7f«(r, ai), B{r, a')} - 

- {A{T,a),n^,{T,a,)}{C{T,a,),Bir,a')} ^ 
= {A{t, a),B{T, a')} + 

+ J rfVi([{A(r, a),a(,)(r,ai)}{3M(,)(r, ai),5(r, a)}- 

- {A{t, a), =^M(fe)(T, ai)}{a(,)(r, ai), 5(r, a)} ■ 

derm, 



^{6){a)(a{e)(l", ^l)) + 



9^' 



l?=€(r,<?l) 



{A(r, a), r(r, a^)}{'es{T, a,), 5(r, a')} - 
- {A{t, a), 3e,(r, ai)}{r(r, a,), B{t, a')}] + 

k=|*(r,ai)^W{a)l"{e)l^> ^ij) ^^ij 

{A(r, a), r(r, (Ti)}{=^M(6)(r, ^i), B{t, o')} - 
{A(r, a), 3M(,)(r, ai)}{r(r, ^0, 5(r, a')} 



(6.3) 

Since the variables a(a)(r, a), ^'"(r, a), are not known as explicit functions of the cotriads, 
these Dirac brackets can be used only implicitly. We must have a;(a)(r, a) 0(r^*^^+'^'') and 
r(r, a) ^ a'' + 0(r-^) for r ^ cx) due to Eqs.(|235|). 

We have seen in Section IV that the differential geometric description for rotations al- 
ready showed that the restriction to the identity cross section a(a) (r, a) = implied also 
<9ra(a)(T, (t) = 0; we also have 74(a)(f,)(a(e)(r, (j))|q,=o = 0. When we add the gauge-fixings 
Q;(a)(r, (t) ^ 0, the derivatives of all orders of a;(a)(r, cr) weakly vanish at a;(a)(r, a) = 0. Simi- 
larly, it can be shown that, if we have the pseudo-diffeomorphism C,{t, a) = a+^{T, a), so that 
for ^(t, a) ^ (T we have ^(r, cr) 6(r{r,(r), then the quantities ^e(a)r(T, a), dr^e^a)s{'T,^), 



123c 



See Eqs.(2.1), ( |2.2| ) rewritten in terms of the Dirac observables ^C/^-, dual to ^e(a 
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^Ur{a){'T, 0^)5 ^^rs(a)(T, become fuiictions only of Qr{T, a) and n^(r, a) for ^(r, a) ^ a and 
a(a)(r, a) — * only if we have the following behaviour of the parameters ^''(r, a) 

Q^s 1^-^. 0„ Q^sQ^u \i=S U, 



_n^r^^^^l 1, _n ((^A^ 

These conditions should be satisfied by the parameters of pseudo-diffeomorphisms near the 
identity, i.e. near the chart chosen as reference chart (the 3-orthogonal one in this case). 
With the gauge-fixings ^^(r, a) ~ a all these properties are satisfied. 

Let us remember the Dirac Hamiltonian ( |4.57] ) valid on WSW hypersurfaces 



before going to the rest-frame instant form with Xt{t) = e, Xr{T) = 

HiD)ADM = J dMnn + n^4+ A„^" + Af.^^J) + Af^^vf J) + /i(.)7ff„)](r, a) - 

- Ar(r)[e(oo) - PXdm] + ^r(r)P;^A^, (6.5) 

with = n(,) 3e^,)f; = n„ V^f^ = n^'f^. 

The time constancy of the gauge fixings Q;(a)(r, a) ^ 0, ^'"(r, a) — a*" ~ [implying 

n'" ^ n"^] gives"*^^^ 

9^a(a)(r, a) = {a(^a){r, a), H(d)Adm} = P'(a){r, a) ^ 0, 

— i> /i(a)(r, a) determined, (6.6) 

drlCir, a) - a'-] ^ {C\t, a), H(d)adm} ^ n^r, a) + 

+ J £aMT, ai){r(^, ^), ^(^, <?!)} - AA(r){r(r, a), P^dm} ~ 0, 

^ nr(r, ct) - nr(r, a|ra,7ra, Aa] ^ 0, 

firir, a\ra, vr^, Aa] = ^grsir, a) \a{t)—^^^^ - 

(57rs(r, a) 



^^^As shown in Ref. P|, when one has a chain of a primary and a secondary first class constraint, 
both of them appear in the Dirac Hamiltonin: the primary constraint with in front the arbitrary 
Dirac multiplier and the secondary one with in front some function of the canonical variables not 
determined by the Hamilton equations. To make the gauge fixing one has to follow Ref. |^8|: i) add 
a gauge fixing xi ~ to the secondary constraint; ii) find the implied gauge fixing X2 ~ for the 
primary constraint by requiring the time constancy of Xi ^ Oj iii) determine the Dirac multiplier 
by requiring the time constancy of X2 ~ 0. 
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67iI{t, a) 



dr[nr{T,a) -nr{T,a\ra,na,\A] 

=^ X^^^{T,cr) determined. (6.7) 

Therefore, the shift functions do not vanish in the 3-orthogonal gauges avoiding the 
synchronous coordinates of with their tendency to develop coordinate singularities in 



short times p>4| , |100|| . This shows the presence of gravitomagnetism and the non- validity 
of Einstein simultaneity convention in these gauges, since ^Qrr 7^ 0. See Ref. |6^ for the 
problems of the fixation of the lapse and shift functions in ADM metric gravity (coordinate 
conditions to rebuild spacetime) and for the origin of the coordinates used in numerical 



gravity (see Ref. [101| for a recent review of it). Let us remark that in Refs. [|102|| the 
Einstein's equations corresponding to the supermomentum constraints of metric gravity 
are thought as elliptic equations for the shift functions in the framework either of a new 
conformal thin sandwich formulation or of an enlargement of Einstein's equations to get a 
manifestly hyperbolic system of equations: this approach, even if mathematically legitimate, 
is completely innatural from the Hamiltonian point of view with its interpretation based on 
constraint theory. 

In the rest-frame instant form of tetrad gravity with Aa(t) = (e; 0) we get 

ririr, a) ^ ^e(a)r-(r, a) ^e(a)s(r, a) j d^ai[t - n(r, ^i)]^^^^^^ 

(57r3(r, a) 

3-orth gauge „2/ ^\ f j3 I I ^ i \ 

(5^(r,a) / dVi[e-n(r, (Ti)J — j ^Is-o, 

(57fr(r, a) 

with 



\d-a2^ 
J 5^1 



57f|(r,a) ^T:ld)K^,a2) (r, a) 



3—orthgauge €2,7tG 3^ 



T.[QM{r, ai)5(a)«, E / ^'^2/Cffe)„(c?i, c?2; r)W{r, ^2) ^(c)nG'^,^)(ai, a; r), (6.8) 

I '11'' 



^25From Eqs. (^35|) , (|2l|) and from 



Id' 



0-1 



SniT,ai) 



4 I %) 



(a) 



+ 



'(a) "(a) 



^L)) get 
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where we used Eqs. (|2.1i| ) and ( ^.12|) . We see that the shift functions in the 3-orthogonal 



gauges depend from the not yet determined lapse function n{T, a). Only after having added 
the gauge fixing to the superhamiltonian constraint, namely only after having selected a 
completely fixed 3-orthogonal gauge, the lapse and shift functions will be determined. This 
is a feature common to all the completely fixed gauges. 

The Dirac Hamiltonian in the 3-orthogonal gauges, but not yet in the rest-frame instant 
form, is 

H(D)ADM,R = J d^a[niiR + A„7f"] (r, a) - A^(r) [e(oo) - PIdm] + (r)PADM? (6-9) 
where TCr is the reduced superhamiltonian constraint. 

B. A New Canonical Basis for Superspace in the 3-Orthogonal Gauges. 

Let us now consider a new canonical transformation from the basis Qu{'^, (f), n"(r, a) 
to a new basis qu{T, a), Pu{t, a) defined in the following way 

Qu {r,a)= In (r, a) , g„ (r, a) = e"" , 

Puir, a) = Q„(r, a) n"(r, a), n"(r, a) = e'''-^^''^ p„(r, a), 

{g„(r, ct), p„(r, a)} = a). (6.10) 

It is convenient to make one more canonical transformation, like for the determination 
of the center of mass of a particle system to the following new canonical basis 

ra(r, a) = a/S ^ 7a„gn(r, a) = V3'YjaJnQu{T,a) -^r^ooO{r'^^^), 

u u 

a = 1,2, 

p{T,a) = Y.Pu{r,a) = 5:[Q„Il"](r, a) ^^^^0{r-'), 



^a{r,ff) = ^auPu {r,a) = ^^^^u [<5«n"] (r, a) ->oo 0{r 

a = 1,2 



Quir, a) = q{T, a) + ^ ^7s„r^i(r, a), Qu{t, a) = e^"^^'''^ 

V3 a 



i26where 3e(„)^(r,(T) = <?), see Eq.(|5^). 
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Pui.r.a) = ^p{T,a) + V3Y,lau'^a{T,a), n"(r,a) = [e '^^pu]{T,a) 







"(a) 


e 


Q 


ra 




"(a) 


c 





ra 


^(a) 








P 








r 







r,cr = 62 



1 + ^ + 0(r-=^/2), n^ir, a) = 2ei«(-'-^)p(r, a), 



{0(r, a), 7r<^(r, a')} = 6^{a, a), 



where jau are numerical constants satisfying 115 



0, 



(6.11) 



(6.12) 



Therefore, Eqs.( |6.11 ) define a one-parameter family of canonical transformations, one 
for each solution of Eqs.( |6.1^ ). 

In Eg. ( |6.10D we have also shown the canonical transformation from the canonical pair 
g, p to the canonical pair 0, ti^ consisting in the conformal factor of the 3-metric and its 
conjugate momentum. 



In terms of these variables we have [N(^as) 



-Kir), N, 



; -''(as)r 










g73Sa1'^3''a 



kl2 



det \g, 



diag | 
rs I 



u 

-2e[N^as)r + nr\dTda^ - ee^'? ^ e7! '^'^""^ (rfa")^ = 



i{[N(^as)+nf{dTf- 



— 5„ 



\N(^as)u+riu)dT] 
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[02g^ E.7..r..^^. ^ 0-2e-7f ^^^^^^^ ^ ^ 

1 ^ 

6 



2 V'"''^'^ 



^I]7ar/^-f?^- (6.13) 



We see that the freedom in the choice of the solutions of Eqs. (|6.12| ) allows to put two 
of the diagonal elements of ^gf^^ equal but only in one point a. To select which diagonal 
elements is convenient to make equal, we should need an intrinsic 2+1 splitting of the WSW 



hypersurfaces. In Ref. [0 there is the statement that the independent degrees of freedom 
of the gravitational field are described by symmetric trace-free 2-tensors on 2-planes. On 
the other hand, the tangent plane in each point of the WSW hypersurfaces is naturally 
decomposed in the gauge direction identified by the shift functions nr{T,a) in that point 
and in the orthogonal 2-plane. However, this has to be done after the addition of the 
gauge fixing to the superhamiltonian constraint, so that the lapse and shift functions are 
determined. Moreover, Eqs. (|6.11|) and ( |6.12|) should be generalized so that the jauS become 



point dependent. This will be studied in a future paper, because the accomplishment of this 
result would identify the tensoriality quoted in Ref. for the Dirac observables ra(r, a), 
which, in each point, would be functions only of the physical 2-plane in that point. Let us 
remark that this type of 3-1-1— >2-|-l-|-l splitting is reminiscent of the 2-1-2 splittings of 
Refs. 

Another possible canonical basis could be obtained by the point canonical transformation 
0, I— > 0, Af ^ {i = 1,2), where the Af^ are two independent eigenvalues of the Cotton- 
York 3-tensor defined in Appendix A (this tensor has only two independent components and 
vanishes for —>■ oo, namely when the hypersurfaces are 3-conformally flat). 

In terms of the variables q = 2ln 0, r^, we have the following results |^ 



= 0{ay'l''^ 
^q,ra^O 0(a) 5 



^^''Use is done of Eqs.(A25) of Ref. 0; see also Appendix A. 

^^^7pPj is the geodesic between P and Pi for the 3-metric; = e'^/^, p = 7r^/20. 
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jrrs 



.0 5'^^e"7lS<^^'^^'^^ 



s 

= -Su. E '^r^^ ^^^^-^-^^^ [2djn + ^ E 7-..a 



+ 



+51 



2djn + ^ E laudvTa 
a 



+ 5: 



29n/n + ^ E lavduTa 
V'3 a 



s 

+ E [^Ifiaudvra + ^llavduTa 



E = 5, E 9« = = eajn 0, 



v3 5 

^r^^O e(a)(fe)(c) '^(fe)r'^(c)« 2duln ^g-*0 0, 



'.{a)(6)l^'^l'^J - SpPi'^^'^iH '^^■Pi J{a){b) 



a — a 



-5, 



9 



1 



(6.14) 



See Appendix A for the expression of ^^^^(a), ^Rrsuv, ^Rrs, H and of other 3-tensors. 
Moreover from Eqs. (|5.15 )-( 5.2CI|) , by choosing the representation of the cotriad momen- 
tum satisfying 7i(a)(T, 5) = 0, we find 



find that ^iOr(^a) goes as 0(r while '^Rrsuvij-, f?) and '^i^j.^((j)(r, a) go as 0(r ^) for r ^ oo. 
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3# 



s •' 

= Y.I rfVi/C[,),(a,ai;r)(rV7fi:.^--)(r,ai) 

s •' 

b 

>,^o VsY^TbsJ f/Vi/C[,),(a,ai;r|0,r,](0-2e-7fS.^-''^7r5)(r,ai), 
with the kernel 



(a)s 

^ dGl'^^{a,ar,r\(l),ra] 
-Qs{T,cri)- 



EdQs{T,ai) ^ ^ 
G{a)i(^, CTl] r|0, r-a], 



(6.15) 



where the sphtting of /C[„)„ follows from Eqs.( p.2l| ). 

From Eqs.(3.12) and (4.2)of Ref. in the 3-orthogonal gauges the extrinsic curvature 
of the ADM momentum and the ADM Wheeler-DeWitt supermetric become 



eV3 



e47rG 



u 



5: / t/Vi/C^„),(a,ai;r|0,r,](0"V7lS.^-^'")(r,ai) 
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r3 -r 3 ~* I 
4^ Ha) + 

1 



5: 



(a) 7r(„) + 



1 



e ^ 



^/3 



^(a) 



+ e 



^/3 SaT' 



as ' a 



J2 I d^(^ilClySa,ai,T 
1 



n] 



b 



[ 9ru Qsv 



9rs 9uv] {r, ff) = 



(6.16) 



The momenta ^vr^^-) and ^11 and the mean extrinsic curvature are hnear functions of 
the new momenta p and vrg, but with a coordinate- and momentum- dependent integral ker- 
nel. The determination of the gravitomagnetic potential W^{t, a), see Appendix C of II, by 
solving the elliptic equations associated with the supermomentum constraints in the confor- 
mal approach to metric gravity, has been replaced here by the determination of the kernel 
/C^„^„(c?, c? ; t) connecting the old momenta ^7r(^-)(r, a) to the new canonical ones W{T,a), 



and therefore to the solution of the linear partial differential equations ( ^.23|) and (|5.26| ). 

Let us remark that at the level of the Dirac brackets for the 3-orthogonal gauges we have 
the strong vanishing of the ADM supermomentum constraints ^W^{t, (f)\s = of Eqs.(4.16) 
of Ref. [|l|, so that (see Appendix C of II) the ADM momentum ^11^* (r, a) of metric gravity 
becomes transverse and is the sum of a TT-term and of a trace term [|77||65| , |79| . The 
determination of ^Il^rp(^T,a) can be done once one has found the solution of Eqs.( p.2^ ), 

(EH). 

The variables p and tTq replace and '^KJ^j, [or ^11 and ^I\.j,rp ] of the conformal approach 
respectively (see Appendix C of II) after the solution of the supermomentum constraints 
(i.e. after the determination of the gravitomagnetic potential) in the 3-orthogonal gauges. 

It would be important to find the expression of p and 7?^ in terms of ^cjrs and ^Krs [or ^11 ]. 
The equation for can be read as an integral equation to get p{T,a), the momentum 
conjugate to the conformal factor, in terms of ^K{t, a), q{T, a) = ^In^g^T, a) and ra(r, a) = 



^ J2r larln ^9rr/^g\{T, f?) [see Eqs. (|6. 13| )] , in the 3-orthogonal gauges 



Let us remark that if we would have added only the gauge-fixing a(a)(T, a) ^ 0, 



^^'^So that the associated Dirac brackets would coincide with the ADM Poisson brackets for metric 
gravity. 
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the four variables ,^(r, a), q{T,(r) of the canonical basis would correspond to the 

variables used in Ref. to label the points of the spacetime (assumed compact), 
following the suggestion of Ref. ||6^, if g(r, a) is interpreted as a time variable. However, we 
do not follow this interpretation. 

In Appendix B there is the expression of the weak and strong Poincare charges of 
Eqs.( 2.25| ) and (|2.23|) in the new canonical basis in 3-orthogonal gauges. 

The shift functions ^^(r, a) of Eq. (|6.8|) in the rest-frame instant form on the WSW 
hypersurfaces and in 3-orthogonal gauges become 



nr[T,a) 



e47rG r a ^ v -v- r- 



c3 L 



T,a) / dVi[e - n(r,ai)] 



/ (iV2/C(^)^(ai,a2;r) 

1 



)(b)(c)(d) 



e4v^7rG' r ,9 j_ V -Ys 



(r, a) j d^ai[e-n{T,ai)\(j) ^(r, CTi) 



/ C?^0-2/C("b)^((Ti,a2 



Y Thv^i'T, ^2) a- r). 

6 



2g ^sYja^^^ 



(6.17) 



C. The Superhamiltonian Constraint as the Reduced Lichnerowicz Equation. 



By using the new canonical basis and Eq.( |6.15D the superhamiltonian constraint ( p.llD 
( p.33| ) restricted to 3-orthogonal gauges becomes [p = vr0/2</)] 



'HbIt, a) 



27rG'(/)-2(r,al 



+ 2(0-2 Y [2v^E 7-..vr-, -\p]) (r, a) x 

U J, 

/ rfVE^(a)^:)r(^,^i,^)(rV7f + v^E7E.vr5j j(r,ai) + 

r b 

+ |dVidV2(Ee^^'"^"''^"'"^^ X 



-'^^^With conjugate momenta 7r|(r, cj) « 0, p{T,a) 
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till 

E '^ia)r iff, ^1 , (0-^6-71 + E 7S.vr5]) (r, a,) 



E ^1:). ^2 , r ) ^ + E 7c-. vr. 



+ 



e c" 



167rG 



(t, (T)e(^a)ib)ic)5{a)r5{b)s ^^rs(c)[ 



+ 



{nRiT,a),nR{T,a')r = {n{r,a),n{r, a')}* 
d 



da' 



{Cir,a),nir,a)}nRiT,a) 



+ 



d 



da' 



{e{T,a),niT,a)}nRir,a' 



0. 



(6.18) 



The last line of Hr is equal to 



167rG 



The constraint is no more an algebraic relation among the final variables, but rather 
an integro-differential equation, the reduced Lichnerowicz equation, whose unknown is the 
conformal factor 0(r, a) = ea''^^'""^ as said in Subsection D of Section III for the case of 
asymptotically fiat spacetimes. Its solution in 3-orthogonal coordinates gives = e''/^ as 
a functional e^I''"''^"''^"*! of the canonical variables ra(r, a), 7ia{T,a), and of the last gauge 
variable: the momentum TT^(T,a) = 2 e~'^^'^'^^^'^ p{t, a) conjugate to the conformal factor. 

In the 3-orthogonal gauges the functions ra(r, a), a = 1,2, give a parametrization of 
the Hamiltonian physical degrees of freedom of the gravitational field and of the space of 
conformal 3-geometries it turns out that a point (a conformal 3-geometry) in this space, 
i.e. a '^gff^ ^ is an equivalence class of conformally related 3-metrics {conformal gauge 
orbit) . 

The solution = e'^/^ ~ g^^N.Tra.vr,^] ^.j^g reduced Lichnerowicz equation in these 
gauges just determines an equivalence class of 3-geometries (i.e. a conformal 3-geometry) 
parametrized by the gauge variable p(r, a) = 2[0~^7r(^](r, a) (it is the coordinate in the con- 
formal gauge orbit); the natural representative of an equivalence class is obtained with the 
gauge-fixing p(r, a) ^ 0: ^cjrs = e^'^''"''''''''"! ^grl"'^[ra, VTa]. 

When we add the natural gauge-fixing p{t, a) ~ to the reduced superhamiltonian 
constraint in 3-orthogonal coordinates on and go to Dirac brackets eliminating 



quotient of superspace by the group WeylTi-r-, if by varying p the solution 



of the reduced Lichnerowicz equation spans all the Weyl rescalings. 



^^^It is simultaneously the York |77| reduced metric and the Misner's one |64| in 3-orthogonal 
coordinates. 
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the conjugate variables qij.a), p{T,a) [or 0, vr^], the functions ra(r, a) and 7ra(r, a) be- 
come the physical canonical variables for the gravitational field in this special 3-orthogonal 
gauge, because they have vanishing Poisson brackets with p. This does not happens with the 
gauge-fixing {maximal slicing condition) ^K{T,a) ~ {or const.) when we use 3-orthogonal 
coordinates. 

Let us remark that usually (see for instance Ref. ||106|| ) in metric gravity one introduces 



four gauge-fixing constraints on ^Qrs, ^W'^ (they can be used also in tetrad gravity) instead 
of our gauge fixings ^(r, a) — a ~ 0, p(r, a) ~ 0, whose functional form is oriented to the 
parametrizations needed for the Shanmugadhasan canonical transformations. 

The evolution in r (the time parameter labelling the leaves Y^^^^^ of the foliation 
associated with the 3+1 splitting of M^) is instead generated by the weak ADM energy 
Padm^ absent in closed spacetimes. The ADM energy, which, in this special gauge, depends 
only on r^, tTq is the Hamiltonian generating the r-evolution of the physical (non covariant) 
gravitational field degrees of freedom 

However, since a closed form of the conformal factor in terms of r^, tTq as a solution of 
the superhamiltonian constraint (after having put p(r, ct) = in it) is not known, the ADM 
energy cannot be explicitly expressed in terms of the physical degrees of freedom of the 
gravitational field in 3-orthogonal coordinates. 

It seems quite difficult to be able to implement the last step of the program, namely to 
find the final Shanmugadhasan canonical transformation 0, vr^, r^, Tr^ ^ Hj^, n^, r^, 
so that all the first class constraints of tetrad gravity appear in the final canonical basis in 
Abelianized form (this would implement Kuchar's program defined in Refs. [ [L03|p7|] ). Indeed, 
if e^I''"''^"''^'^'] is the solution of the reduced Lichnerowicz equation, a functional form of such 
a Tij^ is Tij^ = (p — e^l'^^''^"''^'*! ^ 0. The existence of this final canonical transformation is 



connected to the integrability problem of Einstein equations: in Ref. ||104|| it is reported that 
they could admit chaotic solutions and, according to Newman, this would be an obstruction 
to the existence of Dirac observables in the final canonical basis. 



Equally difficult is to find the analogue of the York map fSj] in the 3-orthogonal gauges: 



0, vr^, r-a, TT, ^ r = -jia^'K, Vr = rf\ 7rf\ 

To transform the superhamiltonian constraint in the reduced Lichnerowicz equation for 
the conformal factor, we shall use the canonical variable = e'^/^ but we shall go on to use 
the notation p for ^(pUd, for notational simplicity. By using Eq. (|A2|) of Appendix A we get 



E 'Ks = 0, 

r 

3r = 0"^[-8 ^f'drdsln 0-8 ^g^'^dM (j)dsln - 8dr ^f'dsln + ^R[ra] 



i34'p]^jg corresponds to the two dynamical equations contained in the 10 Einstein equations in this 
gauge. 

^^^Weakly coinciding with the ADM invariant mass in the rest-frame instant form. 
^^^n'^ir, (t) PS equivalent to ?t:k(t, a) « but with {Ti-'j^ir, a),'H'j^{T, a)} = 0. 
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= 0-5[-8A[r^]0 + 3j?[r,]0], (6.19) 

where = ^R[ra] and A = A[ra] = dr{^g^'^ds) are the scalar curvature and the Laplace- 
Behrami operator associated with the 3-metric ^Qrs respectively From Eqs. ([A^) of 
Appendix A, we have [7 = det \^grs\ = 1] 

^R[^, ra] = - ^{{2djn + 4= J] laudvra){4:djn - 4= Thu^vn) + 



2 1 



1 1 

M V "J a 



2 



i z 

+ {2djn (p + ^Yl Taudura) {2djn ^ ^ Tbudun)] 



3 



R[r-a 



-Jn E{ — 75 E lauTbudvrad^n + e V3 E.-^--"''-- ^ 



[^^'^a + -1= J2iTbu - Tbv)dvradvn y=J2 Tbvdvradvn]} + 

= i5:(l-2e-7lS.w.)^(5^^_)2^ 

+ 4 E e-^^^^^""X7..[5^. + ^ E75.5.r,a.r5], 
A[r,] = 5s] = VV. V. = 

= Ee"^^^"^"^^.' - ^Erbrdrndr]. (6.20) 

Using Eq.( p.l8D , the reduced superhamiltonian constraint becomes the following reduced 
Lichnerowicz equation 



A — l^i? is a conformally invariant operator f76| . 
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'^^(r, a) 



^e3^_27rG0-6 3 



IGttG 



= e0(T, a) 
2T:G(j)-' 



'o{a){b){c){d) ^e((„)r ^e((c)^ (r , a) 

Y|^(-8A[r,]+=^%,])0- 



= e0(r, o- 
2nG 



^Go{a){b){c){d) ^e((a)r '^T'" (6)) '^^{{c)s {d))\ > ^) 

^(-8A[rJ+3i?[r,])</.- 



u ft -J 

E T^ia)s{B^ ^2, r) 71 [f + V3 E 7a.^c-]) (r, a,) + 

s c 

E ^:). ^1 ' ('/•"'^"^ "'^"'^ [f + ^ E iiM) ^1) 

r "J ft 

E^i;).(^>^2,r)(rV7sS.^--[^ + V3E7c-.vre-])(r,a2) 



'Hr(t, ct) ^p_^o e0(T, ct) 
67rG 



[(20"^ E -3 + 

^ a 

+ 4(0-^Ee^^^"E75«^5)(r,a)x 

« ft 

/ ^VE<^(a)^:).(^,^i,T)(rV^S^^-'-'^E75.vr-ft)(r,aO + 

E ^a). , ^1 , r) (0-^6-^ -^-^ E 76.vrft) (r, x 
E ^2, r) (0-2e-^ S^--- E 7c-.7re-) (r, a,) + 

s c 

+ ^e^S^(^^"+^-)-(^-)(5^ft)5^„) - X 
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2g 71 T^i'-^^^ 



2g 73 Z^a '''^"^^ 



c 



0. 



(6.21) 



D. The Natural Gauge Replacing the Maximal Slicing Condition in 3-Orthogonal 

Gauges. 



As already said the canonical basis (|6.11|) suggests that in the 3-orthogonal gauges the 
natural gauge fixing to the superhamiltonian constraint is p(r, a) ^ and not the maximal 
slicing condition ^K{t, a) ^ 0. This gauge fixing selects a well defined 3+1 splitting whose 
leaves are a well defined family of WSW hypersurfaces j^^^^^^^^ . For p(r, c?) ^ we get 
from Eqs.( |6.16D 



^K{t, a) = (f) (r, a) }^ 5(^a)u 



EE7^s/^Vi/C[,),(a,ai;r)(0-V7fi:.^--vr-J(r,ai)- (6-22) 



From Eq.( |6.2(]| ) the final reduced form of the Lichnerowicz equation in the special 3- 
orthogonal gauge identified by the natural gauge fixing p(r, a) ~ is 



1,^ 



(-A[r,] + -^i?[r,])(r,a)0(r,a) 



U f, 

I ^'^iE'^(a)^a).(c?,cri,r)(0-V7li:.^--5:7,.vr5)(r,ai) + 

r I 

+ r\r,a) I dVirfV2(Ee^^''^"''"^"'"^^ x 

»" b 

E '^Ca)s ^2, r) (0-2e-^ ''-^ E 7.svr.) (r, a^) + 

s c 

Mil 

E ^a). r) {r'e-^^^-^ E 75.^5) (r, ^i) 
E ^^).(^' ^2, r) (0-^6- 7f 5] ^,,vr,) (r, a^) 



(6.23) 



Let us remark that, if this integro-differential equation for (/)(r, o) = e^'^^'^'"'' > would 
admit different solutions (pi[ra,'rra], (p2[ra,T''a] they would correspond to inequivalent 
gravitational fields in vacuum (there are no more gauge transformations for correlating them) 
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evolving according to the associated ADM energies. But it is hoped that Lichnerowicz's 
results in the case of maximal slicing imply the unicity of the solution |^ also in tetrad 
gravity with 3-orthogonal coordinates and with the natural gauge fixing p(r, a) ~ 0. 

If we add the natural gauge-fixing p(r, a) = |0(r, a)n^{T, a) ~ to Hr^t, a) ~ 0, its 
time constancy implies 



drp{r,a) = {piT,a),H^D)ADM,R} = J rfVin(r, CTi){p(r, ct), 7i:R(r, CTi)} + 



3 , ^ 6nR{T,ai) 
a ain[T, ai) — — h 



6(f){T, a) 



, ^ ADM,R , X / \ ADM,R 



^ 0, 



5(j){T, a) S(f){T, a 

=^ n{T,a) - n{T,a\ra,TTa,\A] ^ 0, 

dr [n{r,a) - n{r,a\ra,7ia,XA\ = 

= A„(r, a) - {n(r, ajr^, vr^, A^], Hj^D)ADM,R} ~ 0' 

=^ A„(r, a) determined; 

the rest-frame instant form expression of this equation is 

f,3 ( ai) SPadm,r ^.s 

d ai n{T,ai) = -e ^ . 6.24 

J d(p[T,a) d(t)[T,cr) 

Therefore we find an integral equation for the lapse function n(r, a) implying its being 
different from zero (this avoids a finite time breakdown), even in the rest-frame instant form 
where Ar-(r) = 0, Xr^r) = e. It is hoped that the boundary condition n(r, a)— >r^oo -|- 
(9(7.-{2+e)^ in a direction- independent way [see Eq.( |2.55|) ] implies a unique solution of this 
integral equation. Then, Eq.( |6.17D would imply a unique determination of the shift functions. 

If we now go to the final Dirac brackets with respect to the second class constraints 
p(r, a) pa 0, HR{T,a) ^ 0, n{T,a) — n(r, ajr^, tt^, A^] ~ 0, 7f"'(r, a) 0, on the WSW 
hypersurfaces '£(WSW)p=o^ asymptotically orthogonal to p'adm r spatial infinity, we remain 
only with the canonical variables r^, and with the following form of the Dirac-Hamiltonian 
and of the remaining four first class constraints 



^^'^With the boundary condition </)(r, a) -^r^oo 1 + + ©(r^^/^) Eqs.(|6ll|). 

i39With H(D)ADM,R from Eq.Q, P^dm,r from Eq.(|B|) of Appendix B and 'HRiT,a) from 
Eq.d^. 
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^iD)ADM,Rp=0 ~ ~^t{t)[^{co) — PADM,RVa, T^a, (j){ra, T^ajl ) — 

e(oo) - PXdm,r[^-^^ ^(^a, T^a)] ~ 0, 

PadmA'^^^ '^(^^' ^«)] ~ 0- (6-25) 

where (f>{ra,na) is the solution of the reduced Lichnerowicz equation Hji^t, a)\p(^r,a)=o = 
and the weak ADM energy is given in Eq.( p3D of Appendix B. 

After the gauge- fixing T(oo) — r 0, one gets \t{t) = e and Eq.( |2.49| ) imply 

^[d)ADM ~ ~^PADM,RVaiT^ai4'{^aiT^a)\ + 

PadnlrV-^^ '^(^«' ^«)] ~ 0- (6-26) 

In the gauge \.{t) = 0, implied by the gauge fixings J^'oM.flf^a, tts, 0(ra, tts)] ^ [see 
Eq.( p3|) ] on the internal 3-center-of-mass, we get the final Dirac Hamiltonian in the asymp- 
totic rest-frame instant form of dynamics for tetrad gravity. 

"■{D)ADM — ^^ADM,R^ l^-Zg 

and that the Hamilton equations imply the following normal form (namely solved in the 
accelerations) of the two dynamical Einstein equations for the gravitational field Dirac ob- 
servables in the 3-orthogonal gauge with p(r, (t) ^ and in the rest frame 



PADM,R[''"a, TTq,, i 



0, 



jrr 

'^ADM,R 



ra,7!-a,4>{ra,T!-a)] ~ 0. 



(6.28) 



The ADM Hamilton equations of metric gravity, equivalent to the spatial Einstein 
equations, are [Q] dr '^grs{T, c?) = nr\s + ns\r — 2N ^Krs (t, ?) and dr ^Krs{T, B) = (^N "^Rrs + 

^Krs — 2 ^"Kru ^K^s — 'n\s\r + ^Kur + N"^ ^Krs\u) (t, c?): their restriction to our com- 
pletely fixed gauge is satisfied due to the Hamilton equations (|6.28| ). 

The 4-metric and the line element in adapted coordinates on the WSW hypersurfaces 

are 



9r 



( - e + n[r-a, tt,. A]) ' - 0-^[r„ vr J J] e >^ ^'^''^ (A,(r) - [r„ vr^. A] 



A(t,ct)=0 



e + n[ra, Tia, 0] 



n^[ra,7ra,0] 
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A(t,ct)=0 ^^r[ra, TTa, 0], 



ds^ = ^grridrf + 2^grrdTda' + Y,^grr{da'f. (6.29) 

r 

Even for Ar.(r) = we do not get vanishing shift functions {synchronous coordinates), hke 
instead it is assumed by Christodoulou and Klainermann for their singularity-free solutions. 

Let us remark that Eqs.( |6.17D and ( |6.24| ) imply that both n and depend on G/c^ 
and c^/G simultaneously, so that both their post-Newtonian (expansion in 1/c) and post- 
Minkowskian (formal expansion in powers of G) may be non trivial after having done the 
gauge fixings. From Eq. (|6.23| ) it is clear that (f)[ra, tTq] depends on G'^/c^, while the previous 
equation implies that H^^^^\j = Padm r depends a priori on both G/c" and c^/G. 
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VII. THE EMBEDDING INTO SPACETIME OF THE WIGNER-SEN-WITTEN 

HYPERSURFACES. 



We will see in this Section that the special WSW spacelike hypersurfaces needed 
for the rest-frame instant form of tetrad gravity in our class of spacetimes, asymptotically 
flat at spatial infinity and without supertranslations, and corresponding to the Wigner hy- 
perplanes orthogonal to the 4-momentum of an isolated system, can be defined by special 
embeddings zf^^r, a) 

Moreover, we will see that they enjoy the same formal properties of spacelike hyperplanes 
in Minkowski spacetime, namely that, given an origin on each one of them and an adapted 
tetrad at this origin, there is a natural parallel transport so that one can uniquely define 
the adapted tetrads in all points of the hyperplane starting from the given adapted one at 
the origin. Namely due to the property of tending asymptotically to Minkowski Wigner 
spacehke hyperplanes in a direction-independent way at spatial infinity, the WSW spacehke 
hypersurfaces allow the definition of asymptotic (angle-independent) adapted tetrads with 
the timelike component parallel to the weak ADM 4-momentum. Then an adaptation to 
tensors of the Sen-Witten spinorial equation ||107| - p.ll[1 based on the Sen connection]™] allows 
to define preferred adapted tetrads in each point of Yji^^'^) tending to the given ones at 
spatial infinity: this can be reinterpreted as a special form of parallel transport generalizing 
the trivial Euclidean one on Minkowski spacelike hyperplanes. 

In Ref. Frauendiener , exploiting the fact that there is a unique 2-1 (up to a 

global sign) correspondence between a SU(2) spinor and a triad on a spacelike hypersurface, 
derives the necessary and sufficient conditions that have to be satisfied by a triad in order 
to correspond to a spinor that satisfies the Sen-Witten equation. In this way it is possible 
to eliminate completely any reference to spinors and to speak only of triads 
Y^{wsw) E(^^^)-adapted tetrads on M\ 

These triads ^gCH/siy)?;^ built in terms of the SU(2) spinors solutions of the Sen- 



^f,{WSW)r 
(a) 



on 



Witten equation and, as a consequence of this equation, they are shown [n^] to satisfy the 
following equations 



3 (WSW)r 
3 (WSW)r 



3 {WSW)r 



'(2) 



0, 



-(3) 



:>.{WSW)rz{WSW)sZ^ Z(WSW),:>.iWSW)rz{WSW)s:>,^ ZiWSW), 
^(1) ^(3) (i(2)s + ^(3) ^(2) (i(i)s ^ 



3^(WS'iy)r3^(Vl/SVl/)s3Y7 ZAWSW) 
^ ^(2) ^(1) (i(^)s 



0. 



(7.1) 



Here for one uses Eq. (|6.17|) in the 3-orthogonal gauge or ( |6.23|) when p(r, a) ~ 0. 



^^'^ Generalizing the embeddings z^^^ (r, a) = x^^^ {T)+er^^ {u{ps))a^ for Minkowski Wigner spacelike 
hyperplanes. 

^^^See Ref. |112| | for the existence of solutions on noncompact spacetimes including the 
Christodoulou-KUnermann ones. 
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Therefore, these triads are formed by 3 vector fields with the properties: i) two vector 
fields are divergence free; ii) the third one has a non- vanishing divergence proportional to 
the trace of the extrinsic curvature of J^i^^^) (^on a maximal slicing hypersurface (^K = 0) 
all three vectors would be divergence free); iii) the vectors satisfy a cyclic condition. 



In Ref. ||113|| it is shown: 1) these triads do not exist for compact S^; 2) with nontrivial 
topology for there can be less than 4 real solutions and the triads cannot be build; 3) the 
triads exist for asymptotically null surfaces, but the corresponding tetrad will be degenerate 
in the limit of null infinity. 

Moreover, in Ref. | p.l3| ], using the results of Ref. ||114j |, it is noted that the Einstein 



energy-momentum pseudo-tensor ||115|| is a canonical object only in the frame bundle over 
M^, where it coincides with the Sparling 3- form. In order to bring this 3- form back to 
a 3-form (and then to an energy- momentum tensor) over the spacetime M^, one needs a 
section (i.e. a tetrad) in the frame bundle. Only with the 3-1-1 decomposition of with 
WSW foliations one gets that (after imposition of Einstein's equations together with the 
local energy condition) one has a preferred (geometrical and dynamical) adapted tetrad on 
the initial surface J^i^^^), 

A triad satisfying Eqs.( [7.1| ) is unique up to global frame rotations and homotheties. 
But Eqs.( |2.55| ) imply that we must select the solutions of Eqs.([7.1[) with the same 
asymptotic behaviour of ordinary triads ^e^^-,, i.e. '^^^(^)^^la) — ^^{oo)(a) — ^{a) 
=^e(^^^)[„)(r,a) ^^.^oo (1 - + 0(r-3/2). ^^lis sense, the geometry of an initial 

data set uniquely determines a triad on (called geometrical in Ref. ||113|| ) and hence 



together with the normal an adapted tetrad f^)-^^^^^^^ in spacetime according to Eq.( p.28 



Therefore, we can define the S^^'^^^-adapted preferred tetrads of the rest-frame instant 
form 

, x.iWSW) ^ 1 

V ; \ ) _g _|_ ^ 

f.)^''''"'V.) = (0;V^^^%), 

Since the WSW hypersurfaces and the 3-metric on them are dynamically determined P^ , 
one has neither a static background on system-independent hyperplanes like in parametrized 
Newton theories nor a static one on the system-dependent Wigner hyperplanes like in 
parametrized Minkowski theories. Now both the WSW hyperplanes and the metric on 
it are system dependent. 

These preferred tetrads correspond to the non-flat preferred observers of Bergmann pi 



they are a set of privileged observers (privileged tetrads adapted to j]^^'^^^) of geometrical 



^^^The solution of Einstein equations is needed to find the physical 3-metric, the allowed WSW 
hypersurfaces and the Sen connection. 
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nature and not of static nature like in the approaches of M0ller ||116||, Pirani ||117|| and 



Goldberg ||118|| . These privileged observers are associated with the existence of the asymp- 
totic Poincare charges, since their asymptotic 4-velocity is determined by the weak ADM 
4-momentum. A posteriori, namely after having solved Einstein's equations, one could try 
to use these geometrical and dynamical privileged observers in the same way as, in metric 



gravity, are used the bimetric theories, like the one of Rosen ||119|| , with a set of privileged 
static non-flat background metrics. This congruence of timelike preferred observers |^ is 
a non-Machian element of these noncompact spacetimes. The asymptotic worldlines of the 
congruence may replace the static concept of fixed stars in the study of the precessional 
effects of gravitomagnetism on gyroscopes {dragging of inertial frames) and seem to be nat- 
urally connected with the definition of post-Newtonian coordinates |70| , |46[| . 



With the asymptotic triads 



{oo)(a) 



3 (WSW)r 



(J^"^) as boundary conditions at spa- 
tial infinity for the Frauendiener equations, their solution defines a set of preferred triads 
'|^^)(r, a) in each point of {Sen-Witten parallel transport of the asymptotic 

triads), which will be connected by a rotation of angle a?^^^\T,a) to the ordinary triads 



3JWSW)r 



(7.3) 



(analogous formulas are valid for cotriads) 

The asymptotic transition functions from arbitrary coordinates on to WSW hyper- 
surfaces E^^'^w) are [see Eqs.(p|)-(|2^)] 



tip) 

"(oo)« 
(oo)r 



el 



(oo)r 



(oo)t 

—e + n 



oo) 



)), 



with 



H=a(P(oo),P(oo)) = 



V){m)' 



u 



(P(oo))), 



e(oo) ~ Madm 



Ml 



ADM 



^^ADM^ 



"^(oo) 



S 



ADM- 



(7.4) 



Since they depend on the intrinsic and extrinsic geometry of Sf , on the solutions of 
Einstein's equations they also acquire a dynamical nature depending on the configuration of the 
gravitational field itself. 

^^''Privileged non-holonomic coordinate systems replacing the rectangular Minkowski coordinates 
of the flat case. 

^^^With asymptotic inertial observers in the rest-frame instant form with \a{'t) = (cjO) and 
AAB(r) = 0. 
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Given the previous boundary conditions on the triads pe^ 



■i„{WSW) 
'(oo)(a)r 



(a) 



5\^^] and cotriads pe(<j)r ^e(oo)(a)r 
asymptotic tetrads on S^'^'^'^^ (we assumed tp^a) (t, (^) 
asymptotic inertiahty) 



3jWSW)r 
^(c^) (a) 



'(a)rj, 



we have the following associated 
_ooO in Eq.(|;55D standard of 



^(oo) (afM - {E)^{oo) {a)«(M) " '^M^{oo)s ^(oo) (a) - ^{a.)''(oo)s ^(oo) (a) " 



^(oo) (o) - {E)^{c«) (o) 



4^(Vl/5Vl/)a 



^i^) ( 



(oo) (a) - {S)^{oo) (a) 



(-e;0), 
(0;5(.)), 



-^(oo) if,fl^ - {S)-^(oo) - Hoo){/i) 



ij-,(WSW)io) 
-^(oo) A 

4^(VK5VK)(a) 



(oo) 



{E)^{c«) 
4 -iWSW) 
{E)^{c«) 



A 

(a) 
A 



(-e;0), 

/n 3 (WSW) r \ 



(7.5) 



The final form of arbitrary tetrads and cotetrads obtained starting from the adapted 
ones of Eqs.(pD is [see Eqs.(|3), (U)] 



(a) 



(c) (b) 



CM J- + A/J- 



V5{a)V5(fe) 



(b) 

(6),(c) i + Wi 



y'WV^(fe) 1 D (r^S^SWU 3(WSW)S r^tM 

+ a/^ + ^{c)<^{c) 



4pA 



4pA 



( 



1 + £(0) yfc) 

— e + n 

^i + Ev^?c)- 



Ev^? 



n 



c)Z7v;: + ^Em'e 

^ (fe) 



3^r- 
(b) 



(r 



e + n 

r 



e + n 



—e + n 



+ E ['5(a) (fc) + 
(b) 



V5(a)V5(6) 



3pr 



n 



—e + n 



+ 



E [^i<^m + 
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a)^f^ = Yl [^ia)ib) + — 7= 



V5(a)V5{6) 



(fe) 

= E [^{am + — 7= 

(fe),(c) i + Wi 



D {^.C^^^h 3JWSW) I.S 



'1 + Ev^(c)(-e + ^) -eE<^(«)^{«); 

(c) (a) 



(a) 



(a),{b) 



( - e(-e + n)^(a) + E K)W + , , /r 



V'(a)V5(fe) 



(b) 

V5(a)V5(fe) 



E [^i-m + -—^ 



%)(c)( 



(WSW)-. 3(WSW) 

(a) ) e 



(c)r 



(7.6) 



Since ^E*,")^^^ = are non-holonomic coframes, there are not coordinate hypersur- 
faces and lines for the associated non-holonomic coordinates z'-"^ [|120|| on M^; as shown in 

Ref. [g for them we have = dz^") + ^Ej^^ -^J^\dz^^\ 

The embeddings 2;'^(r, a) of i?^ into M"^ associated with WSW spacelike hypersurfaces 
•£iwsw) ^Yie rest-frame instant form of tetrad gravity are restricted to assume the same 
form at spatial infinity of those in Minkowski spacetime identifying the Wigner hyperplanes 
in the rest-frame instant form 



By using the notation 
e 



—e + n 



Ml 



a 



(7.7) 



IK - n^K] = -^C,, ?.)^^^^^^a) fc)^^^^^)f,) UE^'^^'^'ly 



-T - e (a)^(a)r ^ '^{/i)''(oo)s'^(a)f (a)r - C(^)0(ooy, 



6^ = 6'' 
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K = ^l + (7-8) 
we get the following expression for the embedding 



r 



^roo)(0)+&i;(r,a)F^(r,a) 



F-(r,a) 



-e + n(r, a 



with x|^^(0) arbitrary |^. See Ref. ||122|| and its interpretation of the center of mass in 

general relativity a;|^^(r) may be interpreted as the arbitrary reference (or central) 
timelike worldline of this paper. 

From Eqs.( [7.9|) we can find the equations for determining the transition coefficients 

6^(r, a) = — ^^g^A^ ' and therefore the coordinate transformation t— > from general 
4-coordinates to adapted 4-coordinates 



or b'^ = (A-')B'F^^. (7.10) 



The coordinates (our special 3-orthogonal coordinates) for the 3+1 splitting of 
with leaves replace the standard PN coordinates (x^(o) is the arbitrary origin) and 

should tend to them in the Post-Newtonian approximation! 

Moreover, from the equation 9^t(z) = lfj_{z)/[—e + n{z)] we could determine the function 
t{z) associated with this class of globally hyperbolic spacetimes. The WSW hypersurface 
•£iwsw) associated with the given solution is the set of points z^{t, a) such that t{z) = r. 

In conclusion, there are preferred ADM geometrical and dynamical Eulerian observers 



^^^It reflects the arbitrariness of the absolute location of the origin of asymptotic coordinates 



(and, therefore, also of the external center of mass x^l^\{^)) near spatial infinity. 



paper contains the main references on the problem starting from Dixon's definition [ 123 |, 
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■i (WSW)s 
^ (a) 



(S)^(a) 



{- 



1 



e + n 



(0; ^e(^^^)[,) 



(7.11) 



They should be used as conventional celestial reference system ( CCRS) Si based on an 



extragalactic radio-source catalogue system |^ ||124|| : this is a conventional definition of 



inertiality with respect to rotations Here the Fermi- Walker transport is replaced by the 
r-evolution of the WSW preferred tetrads. In this way one construct a kinematical reference 
frame in our special 3-orthogonal coordinates Let us remember that, given a reference 
(coordinate) system (one gives the form of the 4- metric), to construct a reference frame is 
to prescribe {materialization) some definite values of coordinates for reference astronomical 
objects. 

Let us remark that in presence of matter Eq.( [7.9| ) can be used to reformulate Dixon's 
theory of multipoles for extended objects [p.25| , |123|| on WSW hypersurfaces by using the 
results of Refs. pGjp^]. 



Or , somewhat less accurate, by a star catalogue system such as the FK5; or else by using the 
cosmic microwave background. 

tabulated right ascensions and declinations and, in the case of a star catalogue, the proper 
motions (ephemerides) define the reference axes of CCRS; the axes are chosen in such a way that 
at a basic epoch they coincide in optimal approximation with the mean equatorial frame defined 
by the mean celestial pole and the mean dynamical equinox; these are non-relativistic definitions 
which can be applied to the asymptotic triads; in the relativistic case one considers the proper 
reference frame of a single observer, represented as a tetrad propagated along the worldline of the 
observer by Fermi- Walker transport: the time axis of the tetrad is the timelike worldline of the 
observer, while the three space axes are spacelike geodesies (Fermi normal coordinates). 

^^''it is dynamical if referred to the ephemerides of some body in the solar system. 
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VIII. VOID SPACETIMES IN THE 3-ORTHOGONAL GAUGES. 



Let us remark that Minkowski spacetime in Cartesian coordinates is a solution of Einstein 
equations, which in the 3-orthogonal gauges corresponds to g = p = = tt^ = [0 = e'^/^ = 
1] and n = Ur = N(^as)r = 0, A^(as) = -e- For g = p = r^j = Eq. (|6.15|) imphes ^7r(^) 
proportional to Tr^; the condition = implies ^Krs = and then vr^ = as it will be 
shown in Eq. (|8.6|) . 

Therefore, it is consistent with Einstein equations to add by hand the two pairs of 
second class constraints ra(r, a) ~ 0, 7ra(r, a) ~ 0, to the Dirac Hamiltonian (|6.5| ) in the 
3-orthogonal gauges with arbitrary multipliers, 

H[d)adm,r = H(D)ADM,R + / ^^[^(pars + z/a7ra)](r, a). (8.1) 
The time constancy of these second class constraints determines the multipliers 
drTair, a) = Uair, ^) + j d^cTin^T, ai){rs(r, a),nR{T, ai)}* ^ 0, 

9,7r,(r,5) = -ps(r,a) + J dVin(r, ai){7ra(r, 5), 7i^(r, ai)}* ^ 0. (8.2) 

By going to new Dirac brackets, we remain with the only conjugate pair g(r, a), p{t, a), 
constrained by the first class constraint ?i/j(r, a)|r^=^-=o ~ 0. In this way we get the 
description of a family of gauge equivalent spacetimes without gravitational field (see 
III), which could be called void spacetimes, with 3-orthogonal coordinates for S,-. They turn 
out to be 3-conformally flat because ^c/rs = 0^ 5rs, but with the conformal factor determined 
by the Lichnerowicz equation as a function of p (therefore it is gauge dependent). Now, the 
line of Eqs.( |6.l6| ) giving (with = tts = 0) is an integral equation to get p in terms of 



(or ^K) and q = 2ln (f) = ^In '^g. 

As we shall see, if we add the extra gauge-fixing p(r, a) ^ 0, we get the 3-Euclidean 
metric 6rs on S,-, since the superhamiltonian constraint ( |6.21| ) has g(r, a) ^ [0(t, a) ^ 1] 
as a solution in absence of matter. The time constancy of p(r, a) ~ implies n(r, a) ~ 0. 
Indeed, for the reduction to Minkowski spacetime, besides the solution g(r, a) ~ of the 
superhamiltonian constraint (vanishing of the so called internal intrinsic (many-fingered) 
time [^), we also need the gauge-fixings N(^as){T, o^) ~ e, ^(as)r(T, c?) ~ 0, = 0. 

The members of the equivalence class of void spacetimes represent fiat Minkowski space- 
times in the most arbitrary coordinates compatible with Einstein theory with the associated 
inertial effects: they should correspond to the relativistic generalization (in absence of mat- 
ter) of the class of Galilean non inertial frames (with their inertial forces) obtainable from 
an inertial frame of the nonrelativistic Galileo spacetime Therefore, they seem to repre- 
sent the most general pure acceleration effects without gravitational field (i.e. without tidal 



^^^For example the (maybe time-dependent) pseudo-diffeomorphisms in DiffTir replace the 
Galilean coordinate transformations generating the inertial forces. 
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effects) hut with a control on the boundary conditions compatible with Einstein's general 
relativity for globally hyperbolic, asymptotically flat at spatial infinity spacetimes 

The concept of void spacetime implements the viewpoint of Synge |91| that, due to tidal 
(i.e. curvature) effects, there is a difference between true gravitational fields and accelerated 
motions, even if, as shown in Ref. ||127|| , Einstein arrived at general relativity through the 
intermediate step of showing the equivalence of uniform acceleration with special homoge- 
neous gravitational fields. It is only in the not generally covariant Hamiltonian approach 
that one is able to identify the genuine physical degrees of freedom of the gravitational field. 

Since in void spacetimes without matter there are no physical degrees of freedom of the 
gravitational field but only gauge degrees of freedom, we expect that this equivalence class 
of spacetimes is not described by scenario b) of Chapter IV, but that it corresponds to 
scenario a) with vanishing Poincare charges (the exceptional Poincare orbit). Indeed, in this 
way Minkowski spacetime (and its gauge copies) would be selected as the static background 
for special relativity with zero energy (after the regularization of Ref. which however 
influences only the ADM boosts), starting point for parametrized Minkowski theories where 
the special relativistic energy would be generated only by the added matter (and/or fields). 
Tetrad gravity with matter is described by scenario b) (with the WSW hypersurfaces, defined 
by the gravitational field and by matter, corresponding to Wigner hyperplanes, defined by 
matter) and in the limit G — the weak ADM energy [present in scenario b) but not in 
scenario a)] tends to the special relativistic energy of that matter system with no trace left 
of the gravitational field energy. However, starting from parametrized Minkowski theories on 
the background given by Minkowski spacetime in Cartesian coordinates, we can introduce 
much more allowed 3+1 splittings (much more types of inertial forces) than in general 
relativity, because in special relativity there is no restriction on the spacelike hypersurfaces 
like being conformally fiat. 

To define void spacetimes independently from the 3-orthogonal gauge, let us remark that, 
since the conditions ra(r, a) = imply the vanishing of the 3-conformal Cotton- York tensor 
(see Appendix A after Eq. ( |A3| ) for the definition of this tensor and Eq. ( |A4| ) for its vanishing). 
Therefore, the general theory of void spacetimes could be reformulated in arbitrary gauges 
by adding with Lagrange multipliers the two independent components of the Cotton- York 
tensor ^3^rs(T, f?) (which is a function only of cotriads) to the tetrad ADM Lagrangian of 
Eq. ( p.8| ) for tetrad gravity. In this way one should get two extra holonomic constraints 
equivalent to ra(r, a) ~ 0. Their time constancy should produce two secondary (momentum 
dependent) constraints equivalent to 7ra(r, a) ~ 0. 



See also the discussion on general covariance and on the various formulations of the equivalence 
principle (homogeneous gravitational fields = absence of tidal effects) in Norton's papers |127| . See 
also Refs. jl28| [ for the definition of inertial forces in general relativity: the criticism to this approach 
saying that the separation of inertial forces from the gravitational field is arbitrary due to the 
equivalence principle, is solved in our approach by the Shanmugadhasan canonical transformation 
which separates the conformal factor from the Dirac observables for the gravitational field. In this 
way the inertial forces become gauge quantities as expected, to be determined by the gauge fixing 
to the superhamiltonian constraint, which determines a unique 3+1 splitting of spacetime. These 
forces depend on the embedding z^{t, a) of the leaves S,-. 
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Deferring to a future paper the study of the general case, let us explore the properties 
of void spacetimes in the 3-orthogonal gauges. 

Void spacetimes depend only on the following variables: 

i) 0(r, a) = e'^^'^''^)/^, to be determined by the reduced Lichnerowicz equation; 

ii) 7r(^(r, a) = 2(f)^^{T, (r)p{T, a), the conjugate gauge variable. 
We have 



ra = '^a = 0, 



6^/2 [or q = 2ln(j)], 

. A-2s:r 



3-r 
e(a) 



'6^ 



9rs '^rs) 9r slj" a 0] ^rsj 

A[r-a = 0] = Aflat, = 0] = 0. 



(8.3) 



From Eqs.( |6.14D , ( |6.15| ), (|6.16| ) and ( |6.21| ) one has in void spacetimes (before putting 



p = 20vr0 = 0) 



and 



grs['T',a) 



0^(r, a)Sr 



^^(a)(^,0^) = o / C?^^i%)s(o','?i;i-|0,O]p(r,CTi), 



(8.4) 



Krsir, a) 



(r, CT){p(r, a) + ^(j)^{T, j ^^^i^(a)« 



27rG 



3c3 



V)(r,^) + 



+ -(rV)(r,5) / rfVi^5[;)7^:^),(a,ai;r|0,O](0-V)(r,ai: 
E7^:^),(a,ai;r|0,O](0-V)(r,ai) 

r 

E7^:^),(a,c?2;r|0,O](0-V)(r,a2) + 

s 

I \ ^ / ST" x*' X'' ^ 

+ 2^y\b)\a) - \a)\b)) 
uv 

$:7;:i),(a,ai;r|0,O](0-V)(r,ai) 



5:7:^ (a,a2;r|0,O](0-V)(r,a2; 



0. 
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With the natural gauge p{T,a) ~ 0, one has 



^Krsir,a) ^ 0, ^'K{T,a)^0, (8.6) 

and the reduced superhamiltonian constraint becomes the reduced Lichnerowicz equation 

[Aflat = d^] 

AFLAT<l){r, a)^0, 0(r, a) = l,^ ^Qrs = Srs, (8.7) 



where we have shown the solution corresponding to the boundary condition of Eq.( |6.1lD 



In scenario a) with the Dirac Hamiltonian (|2.22| ) we add the gauge fixing constraints 
Xr{r) ^ e, Xr{r) ~ 0, Aab(t") ~ to the primary constraints 7f^(r) ^ 0, tt^^{t) ^ 0. 
This implies Ca{t) ^ 0, CAsir) = and N(^as){r,a) ^ -e, N(^as)r{r,a) ^ 0. Then we 
add the gauge fixings a(a)(T, cr) ^ 0, (y9(a)(r, a) ^ to the rotation and boost primary 
constraints (they imply A^^^(r, a) = ft{a){'T, ^) = 0). Then we add the second class constraints 
''^ai.T, a) ~ 0, 7ra(r, a) ~ by hand. We choose the 3-orthogonal gauges for parametrizing the 
cotriads and we add the gauge fixings ^'^{t, a) — <? ~ 0: this determines the shift functions 
Nr{T, a) = riri^T, a) and the Dirac multipliers A"(r, a). We have N{t, ct) = — e + nij, a). 
The Dirac Hamiltonian becomes 

h\^)adm = I d'a[nnR + Anvf"] (r, a) - eP^oM, (8-8) 

with Hj^ = Ti^lr-^^-^o, PaDM = PADM\ra='rra=0- 

The natural gauge fixing p(r, (?) ^ implies 

drp{T,a)= j dVin(r,ai){p(r, a),7i;^(r, (?i)} - e{p(r,a),P^^^}; (8.9) 

but from Eq. ( |2.25| ) and from ^11^** we see that only the term bilinear in the Christoffel 
symbols contributes to {p(t, a), 

P^adn) for P(^>o^) ~ 0. Now from Eq.(CT) we get FL, = 
2(j)~^[5uvdr(t> + Srudv4> + ^ri;(5„0] ^(j,^const. 0. Siuce 0(r, a) = 1 is the solution of the reduced 
Lichnerowicz equation for p(r, a) ~ 0, we get {p(t, ^),Pa'dn} ~ then n(r, a) ~ and 
A„(r, a) ~ 0. Therefore, at the end the lapse function is N{t, (?) ^ — e. 

Since, as we shall see, Padn vanishes for p{t,(t) ~ 0, (j){T,a) = 1, the final Dirac 
Hamiltonian vanishes: h'^^jIs^adm ~ 0' ^^"^ final 4- metric becomes 



^AB(r,c?)=6K ^ . (8.10) 




In void spacetimes the two gauge-fixings p(r, c?) ~ and ^K{t, c?) ~ are equivalent and 
one has 0(r, a) = 1 (i.e. g(r, ct) = 0); in this gauge one has ^i? = for the 3-hypersurfaces 

(they have both the scalar curvature and the trace of the extrinsic one vanishing), but 
in other gauges the 3-curvature and the trace of the extrinsic one may be not vanishing 
because the solution (/)(r, a) of the reduced Lichnerowicz equation may become nontrivial. 

In Appendix B there are the weak and strong Poincare charges for void spacetimes. It 
is shown in Eqs. (P4|) that at the level of Dirac brackets with respect to the natural gauge 
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fixing p(r, c?) ~ (i.e. with respect to the pair of second class constraints p ~ 0, — 1 ~ 0) 
the ten weak and strong Poincare charges vanish for the solution 0(r, a) = 1 selected by 
the boundary conditions ( |6.11| ) (so that they must vanish in all the others gauges connected 
with this solution, being conserved gauge invariant quantities). In connection with this result 
let us remark that only the boosts depend on the regularization. The result is consistent 
with parametrized Minkowski theories whose Poincare charges are not defined in absence of 
matter. 

As said void spacetimes describe pure acceleration effects without dynamical gravita- 
tional field (no tidal effects), allowed in fiat spacetimes as the relativistic generalization of 
Galilean non inertial observers, they cannot be used to describe test matter in flat spacetimes 
in some post-Minkowskian approximation. 

As we shall see in a future paper, where we shall study the action-at-a- distance instanta- 
neous effects on scalar particles implied by Einstein theory in the ideal limit of a negligible 
gravitational field |^ , in presence of matter, in the static ideal limit |ra(r, a)| << 1, 
\7!-a{T,a)\ « 1, Eq.(|]3) becomes the Poisson equation -Aflat4> = Pmatter + 0{ra,7ia), 
showing that 0(r, a) is the general relativistic generalization of the Newton potential [see 
also the term M in the boundary conditions ( |6.11|) ]. But now the Poincare charges are not 
vanishing so that we cannot use void spacetimes as approximations of spacetimes for 
extremely weak gravitational fields: already this kind of post-Minkowskian approximation 
lives in non trivial spacetimes (with non trivial WSW hypersurfaces) not gauge equivalent 
to Minkowski spacetime in Cartesian coordinates. This is contrary to the expectation that 
for weak gravitational fields a spacetime can be approximated by a void spacetime with 
test matter, but it is consistent with parametrized Minkowski theory for that test matter: 
its arbitrary spacelike hypersurfaces embedded in Minkowski spacetime describe a family of 
accelerated observers much bigger of the one allowed in tetrad gravity (namely the WSW 
hypersurfaces). However, as noted in footnote 39 of Section II, to avoid 3+1 splittings geo- 
metrically ill-defined at spatial infinity one has to make the restriction Xab{t) = also in 
Minkowski spacetime, and this is a strong restriction on the allowed accelerated observers. 
The implications of this fact, which have still to be investigated, are that most of the possible 
accelerated reference systems of Minkowski spacetime (which are the starting point for the 
classical basis of the Unruh effect [|129|| ) are unrelated with general relativity, at least with 
its canonical ADM formulation presented in this paper. Also, more study will be needed to 
clarify the conceptual difference between a test particle following a geodesic of an external 
gravitational field and a dynamical particle plus the gravitational field (such a particle will 
not follow a priori a geodesic of the resulting dynamical gravitational field). 



153^ more realistic situation with tidal effects will be possible only after having studied the 
linearization of tetrad gravity in 3-orthogonal gauges. 
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IX. CONCLUSIONS. 



In this paper we have defined the rest-frame instant form and have studied the Hamil- 
tonian group of gauge transformations of tetrad gravity, following what had been done in 
Ref. @] for metric gravity, for a class of spacetimes of the Christodoulou-Klainermann type. 
We have clarified the meaning of the gauge transformations generated by the 14 first class 
constraints of tetrad gravity. In particular, like in metric gravity, the action of the super- 
hamiltonian constraint is to transform the leaves of the foliation associated with an allowed 
3+1 splitting of spacetime into the leaves of another allowed 3+1 splitting. Since in Ref. 
there is also the distinction between Hamiltonian kinematical and dynamical gravitational 
fields{the second ones are solutions of the Einstein equations), which is needed because at 
the Hamiltonian level the Dirac observables are determined before solving the Hamilton 
equations, we have not touched this point here. 

We have then found a quasi-Shanmugadhasan canonical transformation adapted to 3- 
orthogonal gauges and identified the Hamiltonian (kinematical) Dirac observables for the 
gravitational field in a special 3-orthogonal gauge defined by the vanishing of the momentum 
conjugate to the conformal factor of the 3- metric, which in turn is determined by the reduced 
Lichnerowicz equation, even if we are not able to solve this equation. The evolution in the 
mathematical time labelling the WSW spacelike hypersurfaces of the rest-frame instant form, 
namely the leaves of the foliation in this special 3-orthogonal gauge, is governed by the weak 
ADM energy restricted to this gauge. We have also shown that the WSW hypersurfaces 
imply the existence of asymptotic preferred geometrical and dynamical inertial observers to 
be identified with the fixed stars. 

Therefore for the first time we can visualize the (non covariant) physical degrees of 
freedom of the gravitational field in a completely fixed gauge. This allows to define special 
spacetimes, void spacetimes, in which there is no gravitational field but only inertial effects 
like in the non-inertial frames in Newtonian gravity. Minkowski spacetime without matter, 
with arbitrary coordinates and with the allowed 3+1 splittings restricted to those whose 
leaves are 3-conformally fiat (with the conformal factor determined by the Lichnerowicz 
equation) seems to be the only void spacetime: it is the background with vanishing Poincare 
charges where parametrized Minkowski theories live |^ . 

The results of this paper seems to be the best which can be obtained with the existing 
technology. 

Referring to the Conclusions of Ref. |^ for some comments on the quantization of gravity 
in a completely fixed gauge, we list here the main open problem to be studied: 

1) To define the linearized theory: to find a solution of a linearization of the Lichnerowicz 
equation, which put inside a linearization of the weak ADM energy to a quadratic expres- 
sion in ra and Tr^ will imply a linear equation for the physical canonical variables ra{T,a) 
describing the gravitational field, so to make contact with the theory of gravitational waves. 



Parametrized Minkowski theories considered as autonomous special relativistic theories and not 
as a limiting case of general relativity have no restriction on the allowed 3+1 splittings. Therefore 
the class of their allowed inertial forces is much bigger, since the leaves are not restricted to be 
3-conformally flat. 
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Let us remark that such a hnearized theory is not a spin-2 theory on Minkowski background 
but an approximate linearized Einstein spacetime with non-vanishing shift functions and 
gravitomagnetic effects. 

2) To study other 3-coordinate gauges hke the 3-normal coordinates with respect to a 
point or systems of 3-coordinates implying the reduction of the 3+1 sphtting to an effective 
2+2 sphtting. It could be that the Lichnerowicz equation has some simplification in these 
gauges. 

3) To add matter (either scalar particles or perfect fluids ||130|| ) and extract the action- 
at-a-distance potential hidden in gravity in a post-Minkowskian approximation. 

4) To add the electromagnetic field and to study the canonical reduction in its presence as 
a first step in the direction of unifying tetrad gravity with the standard SU(3)xSU(2)xU(l) 
elementary particle model. 

5) To understand better the observables the non-tensorial Dirac observables versus the 
diffeomorphism-invariant ones), the time problem and the physical identification of the 
points of spacetime in general relativity (see Ref. |^). In particular to make contact with 
measurements in a completely fixed gauge of tidal effects: which kind of observables are 
selected by them? 

6) To study tetrad gravity as the dynamical theory of a congruence of timelike observers: 
reformulate gravitomagnetism, accelerated observers and their simultaneity surface and sim- 
ilar problems in the tetrad gravity language. 
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APPENDIX A: 3-TENSORS IN THE SPECIAL 3-ORTHOGONAL GAUGE. 

The 3-dimensional spin connection 1-form ^uj^.^^-^da'" , Christoffel coefficients ^FJ^^, field 
strength ^flrs(a) and the curvature tensor ^uv of the Riemannian 3-manifold (S,-, ^g^s = 
^^(a)r ^e(a)s) have the following expression in terms of the cotriads ^e(a)r (see Ref. [jl| for the 
definitions) 



3, .(") _ 3 (a) 3 (c) _ 3 (a) 3^s 
= 3 (a) 3 s =3p(a)r/9 3 



(b) 



3 s _3 (a)ro 3 s i 3-ns 3 u ] 



'^(a)ib) — <5'{a)(c) ^^r(fe)'^^'' " ^^^ib)(a), ^^r{a) — -e(a)(fe)(c) ^t^r{6){c), 

^r{a){b) = e(a)(fe)(c) ^t^r(c) = [-R^''^^^^r(c)] (a)(6) = P^^r](a)(fe), 



■pu 3"pi 



a; 



V(a)(b) 



= -e(a)(fe)(c) ^e('„)(^e(6)r ^u;s(c) + ^e(f,)^ '^ujr{c)) - -{^^i^ayds ^e"„) + ^e(a)s<9r ^e"„)) 

= — ^t^r(6)(a) = 2 ^^(a) (^r ^e(ft)s — 9^^6(6)^) + 
V(a) = 2^(a)(6)(c) ^'^"j) (^r ^e(c)u — 9„ ^e(c)r.) + 



3o{«) — 3„ /'3, ,(a) \ 3^ /3, ,(a) 



+ 



I 3, ,(n) 3 (a) _ 3 (n) 3 (a) _ /3 (n) _ 3 (n) x3 (a) 

+ '^(d)(fe) ^{c){n) ^(c){h) ^{d){n) y ^{c){d) ^{d){c)) ^ {a){h) 

3„(a)3Dr 3„s 3^t 3^to 

— -K stu; e(^) e(c) e(^), 



3n (a) _ 3 (c) 3 (d) 3o(a) _ 3 pt 3 («) 3, 

i'rs (6) — (b)(c)(d) — -fl- tors 



Q 3 (a) o 3 Va; , 3 (a) 3 
^{a)(c) 3^^^^^^^^^ = e(c)(b)(d) ^i^rs(d) 



3, I 3, ,(a) 3, ,(c) 3 (a) 3 (c) 



^s(c) ^r(b) 



^^rs{a) = -^{a){b){c) ^^rs{b){c) = dr ^UJs{a) " dg ^Wr(a) — e(a)(fe)(c) ^t^r(6) ^t^s(c) 
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2e(a)(fe)(c) 



3 Ml 3 M2 

^(bi) ^(62) 



~ Q ['^(a){bi)e(ci)(c2)(b2) + '^(a)(b2)e(ci)(c2)(6i) + '^(a){ci)e(fei)(62)(c2) + <^(a)(c2)e(6i)(f)2)(ci)] X 

6(c2)m2 "^uj 6(c2)s) ~I~ 

6(c2)n2 9^2 ' (^{c2)s)i9vi 

+ 4 ^^(ci) ^^{C2) ^^idi)r ^e(d2)s(c?Di — C?„^ ^^{di)vi)idv2 '^e(d2)u2 ~ du2 ^6(^2)1)2) 

^^rs{a){b) = e(a)(fe)(c) ^^rs(c), 

3 p 3 3 3q 

3d , 3„r 3„s 3 



5 D ^ JO 

rC = e(a)(b)(c) e(„) e,-,,) iZrs(c). 



(Al) 



where e(a)(6)(c) is the standard Euchdean antisymmetric tensor and {R^'^^)(^a){b) = e(a)(6)(c) is 
the adjoint representation of SO (3) generators. The first Bianchi identity ^R^rsu + ^R^sur + 
^R^urs = imphes the cychc identity ^firs(a) ^e^^^ = 0. Under local S0(3) rotations R 

= Rt] we have ^cujj^) ^ [R^cu,. R'^ - Rdr R^]^''\b), '^^rs^''\h) ^ i?^] 
For the conformal transformations in 3-manifolds one has ('^Vr is the covariant derivative 
associated with the 3-metric ^g-rs)'- 



Qrs ' ^ Qrs — Qrsi 
3"nM , ^ 3"pu 3"nw 



-4 3 



(A2) 



Eqs.( |6.14 ) imply the following expressions for the field strengths and curvature tensors 
of (S,-, ^g) given in Eqs.(|Al|) (we also give their limits for — > and q = 2ln(f) —>■ 0) 

^^rs(a) = e(a)(b)(c) S(c)u 
u 

1 

+2dudrln 4>+ Tbsdudr 

V3 r 



^r' b 



(7cr - 7cM)f^s?^c + 
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+2dy,dsln + ^ XI Tbrdudsn 

V3 r 



+ 



+ Yl [<^(a){6)e(c)((i)(e) " (^(a)(c)e(6)(d)(e) + (^(a)(d)e(e)(c)(6) " (^(a){e)e(d) (c)(6)] 

Ml) 



+2 



(a)(b)e(c)(d)(e) - '5(a)(c)e(fe)(d)(e) + C(a)(d) e(e)(c)(6) " C (a) (e)e(d) (c)(6) 



5^ 



-^9-0 ;^e(„)(6)(c) 2^()(c)„(^()(^,)^e^/3^a 

E 76s Kt^M^S + -^dun E(7cs - lcu)drr-c 

6 V3 c 

-5(6)re7S E.(7.>-7..)'^. ^ r^^^^^. + 1 _ 

6 V3 c- 

+ ^ E [^(a)(6)e(c)(d)(e) - 5(a)(c)e(6)(d)(e) + 5(a)(d) e(e)(c)(6) " 5(a)(e)e(d)(c)(6) 

^ Ml) 

E.(7..+7.,-7..+7..)r. ^ ^ 

6 c 

E (29nZn + 4= E 7ar-9„ra) (2dnln + 4= E Tbudnn) 

n V<J a V<J 5 

1 1 
^^^^^^^^^ -^Y.To.rdura) E(76r " 76^)95^6 - 

- {2duln + E 7as5«ra) {2dsln + E Tbr^sn) 



+ 



+ 



— Sr 



2dydjn (p+ -7=Y1 dvduTa + 

V <J or 



1 1 

^71 <^ + E 7ar5„rs) E(76r - IbuJ^vn - 

- (2djn + E 'yavduTa) (2djn + E 76r'9D' 
+0'e7I E.7..r-. 1^^^^ ^2d,drln + ^ E 7a«9„9,r, + (2a,Zn + 

+ 4^ E 7a«5r-ra) E(76« " 76r)5^;'^6 " 
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(2drln 4>+ lardrr-a) {^dju + X! Thudv 



V3i 

- 5uv \2dsdrln + -7= X] laudsdrVa + 



n 



^^^^^^ ^ 73 ^ 7a«5r-ra) X](76« " - 
- (2drln 0+^5^ lasdrVa) (^dslu + ^ ^ Tta^^rfe)] ) 

n 

+2(1)'^ (5rv[dsduln (j) — 2dsln (l)duln (J)] — drsldvdulTKp — 2dyln (j)duln (j)] + 



+Ssu[dvdrln(f) — 2dyln (pdrln (p] — Suv[dsdrln 4> — 2dsln (pdrln 



\/3 



" ab 
dsduTa + 
1 



^ ] Tar ('^r 

a 

+ ^ 12iTbr - TbuWuTadsri - -^^Tbsdsradun 

1 1 
-Srs\dvdy,ra + -7= YiTbr " Ibarbu) advn T^Y^Tbydyradun]) + 

v3 5 V3 ^ 

V3 a 
+ -?^12irbu- Tbr)drradvr-b - -T^YrbvdvTadrn 

V3 5 v3 5 



V3 5 \/3 5 

= -2dudjn(j)+ X](7a« + lav)dudvra + 

V3 a 

11 2 
+- [{2djn + ^ 7a«9„rs) (29^Zn - ^ Tbu^vn) + 

1 2 
+ (2a„in + ^ X] 7«^^;?^a) (25„in (l> - Vb) - 

+ (2djn(j)+ -^Y'y^rdvra) YiTbn - Tbv)9urb\ - ^ 
v3 s I 

Y (C^djn -7=Y1 laudnTa) {4:9 Jn 4) j=Y Tbudnn) + 

n V3 a V3 I 
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2diln(t) + 



—2dudjn + Aduln (pdjn — 

-26u.<f)'Yl [40'(5n/n0)2 + 9>0-2(9„/n0)2] ^,^oO, 

n 

1 2 

^ XK^an + 'lav)dudvr-a " ^ H TauThv^vr-aduTl - 
~ 7an [(75r " TbuWuradvn + (75^ - Tbv)dvradun 



6 

73 



+ 



n W3 



— e ^ 



R= - Yl {{Wn + ^ ^ laudvr-a) (4:8 Jn - ^ X! Tbu^vn) + 



VO a 

2 1 



n 



-{2djn(f)+ -j=J2lavdvra){2dJn(f)+ -^J^Tbudv 
+r' E [ - 2dlln + 4 E 7.n9>. + 

u V "J a 

1 2 
+ {2djn + ^ E 7an5«rs) (29„/n ^ E Tbudun) 



+ 



-24j2{djn<pf - 80-^ E ['9>0 - 2(9Jn0)' 

u u 

4^ E ( - 4^ E 7an7bu^^'^a<9„r5 + e~ E 



V3 Ml- _ 

2 1 
^^^s + -7= E(76u - rbv)dvr-ad^n - ^ E Tbvdvr-advi 



7a 



x/3 



V3 



+ 



2 - 1 



E 7a« + ^ E Tbudur-adu 

a yo L 



(A3) 



The Weyl-Schouten tensor ^Crsu = ^"^u^Rrs - ^V^^i?™ - H^grsdu^R - ^Qruds^R) of 
the 3-manifold (S,-, ^^f) ( see Ref. [pO|| ) satisfies ^C^ru — 0, '^Cj-su — — "^Cms? "^Crsu ~\~ ^Curs ~\' 
^Csur = and has 5 independent components. The related York's conformal tensor ||77|J70 
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3yrs ^ ^i/Ser-n^^s^^. _ ^S'jR)\u = -^T^^^e™'' V"" ^C^m™ IS Symmetric pF" = ^r^*^], 
traceless = 0] and transverse ['^V'^is = 0] besides being invariant under 3-conformal 

transformations; therefore, it has only 2 independent components and provides what 
York calls the pure spin-two representation of the 3-geometry intrinsic to S^. Its explicitly 
symmetric form is the Cotton- York tensor given by ^3^*"* = ^{^Y^'^ + ^Y'^^) = ^g^^-\- 

^suv3„rc\3jD 1 -,1/3 ( ^ruv 3 „sm i ^suv3„rm,\3/^ 

t g ) rLvc\u — ~4l y g ) L^muv 

A 3-manifold is conformally flat if and only if either the Weyl-Schouten or the Cotton- 
York tensor vanishes 0,^,^. We have 

^Crsu = '^V„ ^Rrs ~ ^ Rru ^ ^(^fi'rs'9„ R ~ 9ruds ^ R) ^ 

3 A 3 p 3 p ^p2ijr ( X /)3p ST /)3pN 

' ^rsu ^rs\u -^ru\s ^ y^rs^u ^ ^ru^s 

3->; — 1^1/3 V^/-, 3 _|_ 3 N3p 

rsu 

h^^y = -AT.v'i^S^ f-'^i=(e S -\- f S )^R \ = 



( dudrdsiqr + Qs - ^qt) - du{qr + qs)drds{qr + qs-Yl 
t t 

-drqududs{qu + qs-^qt) - dsqududr{qu + qr - ^qt) - 

t t 

-]-du[drqsds{2qr - 51 + dsqrdr{2qs - (It)] - 
^ t t 

9u[drqnds{qn - qr) + d,qndr{qn - qs)] + 

+7;9u{qr + qs) [drqsds{2qr -^^qt) + dsqrdr{2qs - qt)] + 
^ t t 

+ \drqu[duqsds{2qu -^^t) + dsqudui^q, - ^ qt)] + 
^ t t 

+ 7:dsqu[duqrdr{2qu -^^t) + •9^9„9„(2gr - ^ qt)] + 
^ t t 

+ ^du{qr + qs) Yi^rqndsiqn - qr) + dsqndr{qn " + 

+^drquY.\.^^^nds{qn - qu) + dsqnduiqn - qs)] + 



is a tensor density of weight 5/3 and involves the third derivatives of the metric. 
i56yrs _ Yrf^ according to York's decomposition of Appendix C of II. 
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+ ^dsquY.[9^^(ln9r{qn " Qu) + drqndu{qn " Qr)] + 

n 

+5rs e^^"" X] [29„gr[5ngr-5n(gr " X] ^t) " e~'^'^" {d^Qr + dnQrdniqr - S^n))] + 
n t 

+du[dnqrdn{qr - J2 It)] + e"^'^" [29„g„ ((9^g^ + dnqrdniqr - 2gn)) - 
-du{dlqr + dnqrdniqr " 2g„))] - 

-29„g^[9„g^a„(gr -^qt) - e'^^'^id^qr + dnqrdniqr - 2g„))]] + 

t 

+Sru e^''-[J2e'^''^d^Qu{dvds{qv + - E 5*) " 

V t 

-hdvqsdsC^qv -Y.lt) + dsqvd^{2q, -Y,1t)] ~ 
^ t t 

~9 Zl[^''?"^s(gn - g«) + dsqndy(qn - qs)]) + 

n 

+ Yi^^1y-[dnqsdn{qs - l^^t) - e~^^"(9^g3 + dnqsdn{qs - 2gn))] - 



-dsqu[d„qrdn{qr -J2lt)-e ^^"(9^?r + dnqrdn{qr - 2g„))]) 

i 

e29« [ ^ e-2'?''a,g„(a,a,(g, + - ^ - 
1) t 

-\[dvqrdr{'2qv -Ylt)+ drqvdy{2qr - Y It)] - 
^ t t 



+ 



Yi^vqndriqn " + drqndv{,qn - ^r)]) + 



1 

~2 

+ Yi^rqu[dnqrdn{qr " X] " e"^^"(5^gr + dnqrdn{qr - 2q, 
n t 

-drqu[dnqsdn{qs " X ~ e"^*" (^n?^ + dnqsdn{qs - 2gn))]) 

rsu 

-dudrdsq + 2{duqdrdsq + drqdsd^q + d^qdudrq) - Aduqdrqdsq + 
+Srs E (^4^n? - (dnq)'] + 2d^q[dlq - {dnqf] - 2e'W^idnqf) 

n 

-Sru E dvq{dvdsq - d^qdsq) - Sgu E dvq{dvdrq - d^qdrq) = 0. 



(A4) 



Since in the 3-orthogonal gauges the condition = corresponds to conformally flat 3- 
manifolds E,-, the Cotton- York conformal tensor vanishes in the hmit ^ in these 
gauges. 
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APPENDIX B: THE STRONG AND WEAK ADM POINCARE CHARGES IN 
THE SPECIAL 3-ORTHOGONAL GAUGE. 



In the canonical basis of Section VI for the 3-orthogonal gauge, by using Eqs. (|6.14|) and 
( |6.16| ) the weak Poincare charges of Eqs.( p.25D take the form 



ADM,R 



4 

27iG 



^ 2 



r^(r,a)[(rl6Evr^--p^])(r,a) + 

+ 2(0-^ Y: [2v^ E Tbu^i - IpW^ ^) X 

b 

r b 



X 



ADM,R 



r 



e-7li:.^--| + v/3E7c-.vr,])(r,a2) 



(,-2 



r, cr 



e 



r, cr 



+ / ^'^1 E [ - E E.(7..-27..)^. (25./n + ^ E 7i;„5.r5)) (r, a) 
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+ 



uv 



1 



+ 5 Tbudvn) + 

+ 5l{2djn + i H Tbvdu 
v3 I 



Trs _ / 

b 

\2drln<t>p + Y.drrm)) + 

b 



- (7* 



+ ^E TcwTTc)] (r, a) - 



c 



+ E (2a,/n + ^ E 75.5.r5)) (r, a)) + 

u V <J 5 

+ E(e"^^'^''"''(K^«- 

uv 



'■6l){2dJn<P+ -^Y.rbudvn) + 
v3 I 

>; - a^5;)(2ajn0+ -^ET6Ar5)))(T, a) 
S(aA:)J^, a^i, r|0, r,]] (0-2e-^ ^^^^^^^ | + ^ 5 7c-.7r,]) (r, ^O) , 

6 

- -^drln E Tbr^rrfc + ^ (E Tbrdrnf)] (t, ct) - 

-^^^[(rl6E^r^P^])(r,a) + 

+ 2(0-^Ee^^^™[2v^E75„^5 - U)ir,a) X 

/ d'a^ E <^ra)^a).(^, ^1, r 10, r,] (^-^e"^ + ^3 E Tbrn]) (r, ^i) + 
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•' u 
r b 

E ^2, rj (0-^6-75 [f + E 7c-.vr,]) (r, a^) + 

s c 

I „^ (7ail+7au)»'a(T,l?) / c-u rt, rv \ 

E^a).(^,^i,r|0,r,](r'e-V3i:.w.^^ ^ E TS^vr-,]) (r, 



ec 

8^ 



E'^U'5™-l)(0'e7f 



1) 



while the strong Poincare charges of Eq. (|2.23|) are 

Padm,r = Padm,r + J d^o-^niT, = 

.3 



ec 
8^ 



pr _ pr 

^ADM,R — ^ADM,R 



ADM,R 



V7sS.^--[^ + v/3E7..^c-] 



^e- 71 + 5] 7,, vr,] ) (r, ) , 



•^ADM.i? = Jadm,r +47^ - a'^n']{T , a) 

- '5X[e-7li:.^--(^ + v^E75sVr-,)])(r,a) 



U *-'t,oo 



(Bl) 
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(c?,ai,r|0,r,](0-V7lS^^-^'"| + v^^7,„vrs](r,ai)}, 



Jadm,r = Jadm,r + 2 I d'^(^(^''T^R{'T 5 ^) 



ec 



-6:)](r, a). 

(B2) 



From Eqs. (pT]) evaluated with the gauge fixing pij^a) ~ 0, we get the weak ADM 
Poincare charges in this special 3-orthogonal gauge 



ADKLR 



r, cr - 



b 

4 2 

-=drln (p E Tbrdrr-b + -(E Tfer-^rrfe) 

^ a 

b 

b 

E T;:^). (a, a^, r 10, r J (^-^e-^f ^ ^..vr,) (r, a^) + 



I „^ (7au+7atj)''a(''",(?) / rti \ ^ 

+ 2^eVi^- (<^(6)d(a) -f'(a)('(b)) > 

uv 

E ai, r|0, r,] (^-^g-TI I^.^-''- ^ 75.^-. j l^, ^i. 



^ADM,R 



130 



b 

V3 5 

X) TcrTTc] (r, a) + 
c 

+ V3 /■ dVi E [ - E E.(7..-27..).. (2a,in + ^ E T..5.r5)) (r, B 

•' s u V3 ^ 

+ E (e-^ (5;(2ajn + ^ E r^^^.r^) + 

«i) V "J ^ 

+ 5l{2djn + ^ E 76.5«r5))) (r, a) 

c 

^AW,ii = / d^(T<p-\T, a) (0-2 (r, a) 

b 

+ 2V3Ee-^^''"'"'^^(<7^5: - <7^5;)(2ajn0 + E T^^M E T^^J ( 

+ x/3 / c^ViE[(-^^E(e^^^^'^""''^'^"(29>0+^Er..9.r^^^ 

- E (2a,in + ^ E r6.5.r5)) (r, a)) 

- E (e-^^^"''"^^((<T'-(5: - a^<5;)(2ajn0+ i=Er6«5.r5) + 
+ {a^Sl - a%){2dJncP+ ^Y.rbvdun))){T,a) 

^(a)'^il)n,i^, ai,r|0,rj] 
(0-V7lS.^--E7c-.^^)(^'^i))' 

c 

{8{drinci>y-^^{drny- 

h 
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4 2 

b b 



u b 
J r ft 

•' u 

f^,y{a, ai, r|0, (^-^g-TI I^.^-- ^ ^^^vrg) (r, ai) x 

s c 



E 7;:^),(a, ai, r|0, r,] (^-^g-TI ^^^.^-^^ ^ ^^^tt-,) (r, cxi) 



ec 

8^ 



/,-2 



1) 



V3 5 



(B3) 



The weak Poincar'e charges of void spacetimes in the 3-orthogonal gauges can be obtained 
from Eqs. ( PT| ) by putting = tTq = (the exphcit form of the kernal 7j^^^ is not needed) 



Padm,r — ^ 



+ 



/ rfVi ^ 7;^,)„(a, ai, r|0, 0](rV)(r, ^i) 
/ f/V2E^?)n(^,^2,r|0,O](0-V)(r,a2)] + 

Y.{drlnct>f]{r,a, 



2nG' 



ec 



27rG' 
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+ E/ d'a,[-drln<l>(T,a)J25l^f^'^),(a,a,,T\<l>,0] + 

s u 

+ i6:djn(l) + 5:dJnct>){T, a)S^,)f^l^,{a, ai, r|0, 0]] a, 

10 /■ r -| 

Jadm,r = Y J ^^'^\-^~^P\^^' ^) [<^''dsln(p- a'drln(j)\ (r, a) + 

[{<j'dsln<t>- a'drlncf>){r, a) S^^^f^^^Ja , a,, t|0, 0] + 

u 

+ E ((^'^^ - ^'K)dvln(t>+ {a' 51 - a'5l)dJnct>{T, a) 

uv 

'5(a)7;a)Ja,ai,r|0,O]](rV)(r,ai) 



irr 
o 



ADM,R — ^ 

2 



ciVa^(|^r^(r,a)[(rV)(r,a) 



c?'^2 E ^6)n(^, ^2, r|0, O](0-V)(r, ^2)] + 



+ 



2nG 
4^ 



lO. 



-l)drln(f) {T,a) 



(B4) 



Therefore the Poincare charges vanish in the special 3-orthogonal gauge p(r, cr) = by 
using the solution 0(t, a) = 1 of the reduced Lichnerowicz equation in this gauge. Since they 



133 



are gauge invariant, as shown in Section II before Eg. (|2.26|) , they vanish in every gauge. 
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